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(1) Exercise 5.1/page 44
Solution:
We need to check that {x : f(x) > a} is measurable for each real a. Let
rn → a, rn > a. We have that

{x : f(x) > a} = ∪∞n=1{x : f(x) > rn}

and hence {x : f(x) > a} is measurable.
(2) Exercise 5.2/page 44

Hint: Cover (0, 1) with a countable family of intervals, so that on each one
of them f = gj.
Solution:
For each x, take the rx > 0 and a Borel gx, so that f = gx on (x− rx, x+ rx).
Thus (0, 1) = ∪x(x − rx, x + rx). We can use the Lindelöf property of (0, 1),
which states that there is a countable subcover1. That is, there is {xj}, so
that

(0, 1) ⊂ ∪∞j=1(xj − rj, xj + rj)

with corresponding functions gj. Now for any real a, we have that

f−1(a,∞) = ∪∞j=1

(
(xj − rj, xj + rj) ∩ g−1j (a,∞)

)
Since gj are Borel, it follows that f−1(a,∞) is Borel as well.

(3) Let (X,A) be a measure space. Let f : X → [−∞,∞] (that is f may
be unbounded for some x ∈ X). Prove that f is measurable if and only
if f−1({−∞}) ∈ A, f−1({∞}) ∈ A and f : Y → R1 is measurable, where
Y = f−1(−∞,∞).
Solution:
By the definition of Borel functions, f : X → [−∞,∞] is Borel, if and only
f−1(A) is Borel set in X, whenever A is a Borel subset of [−∞,∞]. But A
is a Borel subset of [−∞,∞] if and only if A = B or A = B ∪ {−∞} or
A = B ∪ {∞}) or A = B ∪ {∞}) ∪ {−∞}, where B is Borel in (−∞,∞).
Clearly now, f−1(A) is Borel if and only if f−1({−∞}), f−1({∞}) and f−1(B)
are all Borel.

(4) Exercise 6.4/page 50. You may use the linearity of the integral
Hint: Let ε > 0. Consider a simple function s, so that 0 ≤ s(x) ≤ |f(x)|∫

|f(x)|dµ <
∫
s(x)dµ+

ε

2
.

1This actually can be easily proved - just used the compactness of [1/n, 1 − 1/n] and cover by
finitely many intervals and then (0, 1) = ∪n[1/n, 1− 1/n]
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Solution: The simple function s defined above is bounded, sayM = supXs(x).
Denote δ := ε

2M
. Let A : µ(A) < δ. We have by s(x) ≤ |f(x)| that∫

Ac

s(x)dµ ≤
∫
Ac

|f(x)|dµ

Thus∫
A

f(x)dµ =

∫
|f(x)|dµ−

∫
Ac

|f(x)|dµ ≤
∫
s(x)dµ+

ε

2
−
∫
Ac

s(x)dµ =

=

∫
A

s(x)dµ+
ε

2
≤Mµ(A) +

ε

2
< ε,

if we take into account µ(A) < δ = ε
2M

.
(5) Let (X,A, µ) is measure space f ≥ 0 and measurable. Show that

λ(A) :=

∫
A

fdµ,

defined for A ∈ A, is a measure. Also, show that for each g ≥ 0, measurable,
we have ∫

gdλ =

∫
fgdµ.

Hint: For the measure part, use Proposition 7.5. For the integral fromula,
prove it first for simple functions. Extending to arbitrary positive functions,
it is easy to show

∫
gdλ ≤

∫
fgdµ. For the reverse inequality, use the approx-

imation result Proposition 5.14 and the monotone convergence theorem.
Solution:
λ is a measure, because for each disjoint family of sets {Aj} : A = ∪jAj, we
have by Proposition 7.5

λ(A) =

∫
A

fdµ =
∑
j

∫
Aj

f =
∑
j

λ(Aj)

Next, for g =
∑

i aiχAi
a simple function, we have∫

gdλ =
∑
i

aiλ(Ai) =
∑
i

ai

∫
Ai

fdµ =

∫
(
∑
i

χAi
)fdµ =

∫
fgdµ.

By the definition of the integral and the previous step,∫
gdλ = sup{

∫
sdλ : 0 ≤ s ≤ g} = sup{

∫
sfdµ : 0 ≤ s ≤ g} ≤

∫
fgdµ,

where in the last step, we have used that sf ≤ fg ⇒
∫
sfdµ ≤

∫
fgdµ.

In the reverse direction, approximate sn ↑ g. It follows that snf ↑ gf and
hence by Lebesgue dominated convergence

∫
snfdµ →

∫
gfdµ. But then,

again by
∫
gdλ = sup{

∫
sdλ : 0 ≤ s ≤ g}∫

gdλ ≥ lim sup
n

∫
sndλ = lim sup

n

∫
snfdµ =

∫
gfdµ.

It follows that
∫
gdλ =

∫
fgdµ.


