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MATH 961: PROJECT 1
DUE: SEPT. 28, 2020

Problem 5.8.1/page 288.

Related to the previous problem , show that if A = A* and F is an A invariant
subspace of H, then we can the split H = F @ E+ and define Ap := PpA :
E — Eand Ap. = Pyl A: E+ — E+. Show that Ag and Ag. are self-adjoint
as well and

0(A) =0(Ag)Uo(AgL).

Let A be densely defined operator. Assume that it is closeable. Show that it
has a smallest close extension, i.e. an operator A so that every close extension
of A is an extension of A as well. Show that I'(A) = T'(A).

Hint: For the existence of A, use Zorn’s lemma, with appropriate order. For

every closed extension, S, the direction I'(A) C I'(S) is obvious. For the other

one, construct a close extension R, with I'(R) = I'(4). Then, it should be
R = A, why?

For the Hilbert space L?(R), define the operator Af := zf(z), with domain
D(A) ={f € L*(R) : zf(z) € L*(R)}. Show that A is densely defined and
closed operator. Show that o(A) = Co(A) = R. Write down the resolvent
(A—A)~! for A ¢ R.

Problem 6.5.1 a), d), e), page 342.

Problem 6.5.2/page 342.



