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PROJECT V - MATH 800
DUE MAY 3RD, 2018

(Uniqueness of analytic extensions) Let f : @ — C be a a holomorphic
function and € be a domain (i.e. open and connected set). Assume that
Q: Q C Q is a larger domain and ¢ : 2; — C is an analytic extension of f.
Show that ¢ is unique, i.e. every other extension should coincide with g on
Q.

Let f be a holomorphic function on a domain €2. Assume that at some point
20 € Q, 2 real, all derivatives of f are real. That is, f*)(2,) € R. Show that
for all z € €2, we have the functional identity

f(z)=1(2)
Hint: First show it for a neighborhood of z5. Then consider the function

f(Z). We have used that fact for the Riemann zeta function - we have showed
the identity only for 38z > 1 and then, we have it everywhere.

Prove that the function
e o] e—zt
fe)= [
0

1+¢2
is holomorphic in Rz > 0 and is continuous in $z > 0.
Hint: The continuity at Rz = 0 does not follow from a general result and it
needs to be done explicitly.
Problem 10/p. 275
Hint: Prove an estimate similar to Lemma 8.2.1, then apply Theorem 8.1.7.
Show that Riemann zeta function ((z) has holomorphic extension for £z >
—1, with only pole at z = —1.
Hint: The basic idea of analytic continuation is: you need a formula in
Rz > 1, which involves ((z), so that every other function involved in it is
well-defined in Rz > —1. Use the idea in Lemma 16.2.1. More precisely,

1 =, 1
C(Z)_Z_lznz_:l/n (;—;)dl‘

In the integrand, add (and subtract) the next order Taylor term, to ensure
convergence of the series for 8z > —1.
One can use this procedure to extend ((z) to Rz > —k, for every k.




