ON THE NORMALIZED GROUND STATES OF SECOND ORDER PDE’S WITH MIXED
POWER NON-LINEARITIES

ATANAS STEFANOV

ABSTRACT. For each A >0 and under necessary conditions on the parameters, we construct nor-

malized waves for second order PDE’s with mixed power non-linearities, with || ||i2 ® = An=1.

We show that these are bell-shaped smooth and localized functions, and we compute their pre-
cise asymptotics. We study the question for the smoothness of the Lagrange multiplier with re-
spect to the L? norm of the waves, namely the map A — w,, a classical problem related to its
stability. We show that this is intimately related to the question for the non-degeneracy of the
said solitons. We provide a wide class of non-linearities, for which the waves are non-degenerate.
Under some minimal extra assumptions, we show that a.e. in A, the map A — f,,, is differentiable
and the waves e/“1’ f,, , are spectrally (and in some cases orbitally) stable as solutions to the NLS
equation. Similar results are obtained for the same waves, as traveling waves of the Zakharov-
Kuznetsov system.

1. INTRODUCTION

We consider the Schrodinger equation with general Hamiltonian non-linearity
(1.1) iug+Au+F(ulP)u=0, u:Ry xR"—C,

where F : R, — R will be henceforth assumed to be C!(R,) function. These type of models are
ubiquitous in current applications (especially in quantum mechanical context, such as non-
linear optics and additionally in the theory of water waves). Of particular importance of the
theory and applications to physics and technology, is the study of the existence and properties
of ground states, that is, standing wave solutions in the form e’ f,,, where f,, > 0. Clearly, they
satisfy the elliptic profile equation

(1.2) ~Afy+ofy—F(f)f,=0.

The existence of solutions of (1.2), together with their properties, including their uniqueness
has been the subject of hundreds of papers in the literature, we refer the reader to the landmark
papers, [2], [20], [34] and for some recent developments to the review paper [36].

In addition, and somewhat in parallel of the study of the solitary waves, various mathematical
aspects of the theory have been rigorously established in the literature - such as conditions
on the parameters guaranteeing local and global well-posedness, asymptotic properties of the
solutions etc. We do not even attempt to review these here, instead we refer to the excellent
(and by now classical) books, [5] and [35].

More recently, more advanced topics of investigations have been concerned with the ques-
tions of the global dynamics of these models. In these studies (and in many previous works), it
became clear that the behavior near solitary waves is of utmost importance. In particular, we
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should mention the soliton resolution conjecture (SRC), which predicts that if the system does
not support unstable solitons, any sufficiently smooth and localized data, produces a global
solution which resolves, as t — oo, into a solitonic part plus a radiation term. This has been
established in a variety of NLS models, in different dimensions and specific non-linearities in
the form F(z) = z”. The SRC is otherwise widely believed to hold true, at least in very generic
circumstances. Important advances were made towards that goal in that various dispersive es-
timates for the Schrodinger evolution, [9], we also refer to [6, 33, 32] for further related issues
and discussions.

As one can see from the recent developments - the existence, functional and most impor-
tantly stability properties of the solitons are really a starting point towards an attempt at under-
standing the global dynamic of a model like (1.1). It should be mentioned though, as this will be
the focus of this paper, that the cases outside of the simple power non-linearity, that is F(z) = zP,
have not been well-understood at all - at least from point of view of existence and stability of the
corresponding solitary waves. Clearly, this is an important question, both from a theoretical and
practical point of view.

As an example of a model of this type, which naturally appears in the shallow water waves
approximation models is the Gardner equation, which features cubic and quintic terms, or in
terms of F, F(z) = az+ bz?,a, b > 0. One should note that this is a model in one spatial dimen-
sion, where the profile equation (1.2) allows reduction of order. In fact, it should be pointed
out that matters in this particular case, that is n = 1 are more or less fully understood’. For the
one dimensional case, in the paper [14], under pretty general conditions on the non-linearity
F, the authors have established the existence of ground state waves. In addition, the stability
of such waves was reduced to a sign of an explicit quadrature involving the nonlinearity F. As
this condition is very non-explicit (even for simple combinations of two powers), Ohta, [29], fol-
lowed by Maeda, [25], have further studied the conditions for power nonlinearities of the form
F(z) = azP + bz9. They discovered an interesting new paradigm, namely that even for fixed
a, b, p, q, the stability of the waves f,,, may change with w. This is a complete departure from
the case of a single power non-linearity, F(z) = z”, since the stability in such a case happens ex-
actly for p: 0 < p <2, and then for all values of w. In fact, we provide a quick and self-contained
introduction to the existence and stability of the waves in one spatial dimension - see Appendix
C.

The purpose of this work is to examine these questions for general power non-linearities, in
high dimensions, n = 2. We work with power functions of the form

K L
F(r) = Z aprPr— Z bir?, 0<py<...<pg,ay,...,ax >0;q1 <...<qr; b1,...,by > 0.

k=1 =1
Within this class, we require that we work with nonlinearities with at least one focusing term,
that is K = 1. There are several reasons in favor of working with explicit power functions. One
reason is to avoid imposing hard to verify conditions on F. A second one is to be able to illus-
trate the results better - including how they stack up against the standard threshold results for

stability, non-degeneracy” among others.

In closing of the introductory remarks, let us point out that our results for NLS will transfer
nicely to the Zakharov-Kuznetsov equation. This is a higher dimensional version of the KdV

lin the periodic case, the theory is slightly more technical, due to the appearance of an additional integration
constant, but the theory goes through.
2t0 be defined shortly
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equation, and more precisely,
(1.3) u,;+6x1(Au+F(u2)u):0, u:R, xR"—=R

The problem was initially derived in three spatial dimensions (and quadratic nonlinearity) by
Zakharov and Kuznetsov, [37] to describe weakly magnetized ion-acoustic waves in a strongly
magnetized plasma, but later found applications in two spatial dimensions as well, [26, 27].
Finally, in [21], the equation was derived from the Euler-Poisson system with magnetic field in
the long wave limit approximation.

Here, we consider waves, traveling in the direction of x;, with a speed of w. In other words,
we impose the traveling wave ansatz, u(x, t) = f, (x; —wt, Xz, ..., x,). After plugging in (1.3) and
taking into account that f,, is vanishing at infinity, we obtain the same profile equation (1.2).

1.1. The linearized problem. In this section, we consider the linearized problems and intro-
duce the relevant notions of stability. Taking the ansatz u = e'®![f,, + v(t,-)] into the NLS prob-
lem (1.1), we obtain, after ignoring O(v?) terms,

(1.4) (Z; )t=(_01 (1))(‘%* ;_)(Z;)::jza

where v = v} + iv», and the self-adjoint operators, £, (with D(Z,) = H?(R™)) are given by
L = -A+ow-F(f?
L. = —-A+w-F(f)-2F(f5)f>

Applying the ansatz u = f,(x; —wt, x') + v(t, x; — wt, x') in the Zakharov-Kuznetsov model, (1.3),
we arrive at the linearized problem

(1.5) Vi =0y, L.

It is immediate that by (1.2), £_[f,] = 0, while taking a derivative in any x;,j =1,...,n results®
in £,[0;f,] =0,j =1,...,n. Actually, from Nother’s principle, all elements of* Ker[ <] arising
out of the known symmetries of the system - translational and modulational, are accounted for.
Still, it is unclear whether these are all elements of Ker[£]. While it is usually pretty easy to
establish that zero is the bottom of the spectrum for Z_, whence zero is a simple eigenvalue
spanned by f,, (see Theorem 3 below), the fact that Ker[#£,] is spanned by V f,, is not straight-
forward and it is an open question in a surprising number of applications. In fact, we shall
introduce an intermediate property.

Definition 1. We say that the wave f, is non-degenerate, if
Ker[Z,]=spanldjfy,j=1,...,nl.
We say that f,, is weakly non-degenerate, if f,, L Ker[%£.].

The weak non-degeneracy of course easily follows from the non-degeneracy. While it does
not seem to be a standard notion in the literature, we introduce since it turns out it plays an
important role in stability considerations and it is also closely related to the differentiability of
the map w — f,. This brings us to the second main objective of this paper - beside the con-
struction of the waves, it is a common assumption in the literature that “the map w — f;, isa C'

3This is all formal for now, but it will turn out to be justified, once we review the relevant properties of f,,
4and here, it is important to note that we are interested in a description of all elements of Ker[£+] c D(%Zy) =
H*RM).
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in some interval Q”. This is of course easily verifiable in the case of a single power non-linearity,
F(z) = zP, but it is a highly non-trivial fact for just about any other non-linearity. We address
this issue, in the framework of normalized waves, in Theorems 1 and Theorem 4 below.

Finally, we formally introduce the different notions of stability.

Definition 2. We say that the wave f,,, as a solution to the NLS problem (1.1), is spectrally stable,
if the equation

FLV=Av,
does not have solutions, with v € H>(R"), ¥ # 0,1 : RA > 0. Similarly, f,, is stable as a solution to
(1.3), if0x, £+ v = Av does not have solutions v € H2R™),7#0,1:RA1>0.
We say that the wave f,, is orbitally stable solution of (1.1), if for any € > 0, there exists 6 > 0,

so that whenever the initial data is picked so that ||ug — fu, || gjpgn) < 6, then the corresponding
solution u satisfies

. "
sup inf lu(t, =)= e foll man <e.
t>%))9€[0,2n],y€R" y Joll i gy

For traveling wave solutions of (1.3), orbital stability means that for everye > 0, thereis6 >0, so
that for all | ug — full g1 jn) < 6, one has sup s oinfyern | u(f, x — y) — fo, (X1 —wf, x") IIH}C(R,,) <E€.

There is of course the notion of asymptotic stability, but since we claim no results in this
direction, we do not introduce it here.

1.2. Variational setup: normalized waves. Of specific interests are the properties of the so-
called normalized ground states. More specifically, these are solutions (if they exist!) of the
following constrained minimization problem

(1.6) Iu) = fgn Vu()1? = [qn Gu(x)*)dx — min
: S lu(x)12dx=2,1>0

where G(0) =0,G'(r) = F(r), or equivalently,

K a L b
(1.7) G(r)= Y —S—ppetl oy —L_pairl,
=1 Petl miat+l

The question for existence of solutions to (1.6) is in fact a hard one to analyze, despite many
recent advances. In fact, this is one of the central issues that we would like to address in this
paper. To that end, introduce the following function m : [0,00) — RU {—o0},

m) := inf I{u].
Jpn lu(x)2dx=2
Note that m = m;5 5 Z](/l) and it is possible that m(1) = —oo for a substantial portion of the
domain. Clearly, m(A) > —oo is a necessary condition for (1.6) to have a solution, in which case
we refer to (1.6) as well-posed. In addition, it turns out that the requirement that m is a non-
increasing function in A is a sufficient® condition for the existence of solution to the constrained
minimization problem (1.6).
More precisely, we have the following existence results.

Sand as we will show, in the most important cases, it is necessary as well
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1.3. Existence results. The standard notion of bell-shapedness will appear frequently, so we
introduce it formally here - namely, we say that a function f : R” — R is bell shaped, if there
exists a decreasing function p : (0,00) — R4, so that f(x) = p(|x]).

Theorem 1. If
2
(1.8) PK<maX(;’CIL)

then® the constrained minimization problem (1.6) is well-posed, that is m(1) > —oco. In such
case, m(0) = 0. If in addition, pg < ﬁ and the parameters p = (p1,..., px), 4 = (q1,...,qL), 4 =
(aq,..., aK),E =(by,...,by) are so that

(1.9) m is non-increasing on the interval Q,

then, the problem (1.6) has a solution ¢, : A € Q, which is smooth and bell-shaped. It also satisfies
the Euler-Lagrange equation (1.2), that is there is a Lagrange multiplier v = w,, so that (1.2)
holds in a distributions sense. There are the following properties
(1) the linearized operator £, satisfies £, 1 = 0. In fact, it has exactly one negative eigen-
value.
(2) The function m(A) is locally Lipschitz, that is for each interval (a, b) < (0,00), there is C,
so that SUD . ye(a,b) Im(x) — m(y)| < Cyplx—yl. As such, it is differentiable a.e. and its
derivative is m'(1) = —%. In addition, there is the representation formula

1 [
(1.10) m(Ay) —m(A;) = ——f wydA.
2Jn

foreach 11,1, > 0.

Remarks:

» The condition (1.8) is necessary for the existence of the waves, otherwise m(A) = —oo,
see Proposition 1 below.

e The condition (1.9) is also necessary, see Proposition 1.

 Implicitly in the statement, we have that the Lagrange multiplier w, also depends on
the particular minimizer ¢,. That is, we cannot rule out the possibility that for the same
A > 0, there are two minimizers @j,, : @ ]? = ||¢m||§2 = A, with wy, # w),5. On the
other hand, on the set where m' exists (which is a.e.), we have that w; = —2m/(1), which
is independent on the minimizers.

Next, we turn to the necessity of the assumptions made in Theorem 1.

Proposition 1. For the constrained minimization problem (1.6), we have the following
e (necessity of (1.8)) If px > max(%, qr), then m(A) = —oo.
o (normalized waves exist only for w > 0) If f,, € H'(R™) n L?PK*L(R™) 0 L2911 (R™) is a min-
imizer of (1.6), then w > 0.
e Suppose that (1.8) holds and the constrained minimization problem (1.6) has a solution
foreach A > 0. Then, A — m(A) is a non-increasing function.

As an easy and useful corollary of Theorem 1, we have the following

6with the understanding that in the absence of de-focusing terms, thatis by =...= by =0, max(%, qr) = %
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Proposition 2. Let @ be one of the constrained minimizers described in Theorem 1. Ifin addition,
(ZLrp, @) =-2 fRn F’((pz)(p4dx <0, then the wave @ is weakly non-degenerate, i.e. ¢ L Ker[Z,].

In particular, if F has only focusing terms, the corresponding wave is always weakly non-
degenerate. We now discuss the properties of the solutions to (1.2). In doing so, one has to keep
in mind that in general, we do not know uniqueness for (1.2), while on the other hand, some
solutions are generated by the constrained minimization procedure, as described in Theorem
1.

Theorem 2. Assumew >0, (1.8) holds, and f is a bell-shaped function, with f € L2(R™), so that
f is a strong solution of (1.2), that is

(1.11) f=EA+w) NEFHf]

Then, f € L°(R") and moreover, f has exponential decay rate at co. More precisely,
fx)ysCa+ Ix)~"Z e VOl gnd in fact, there is ¢ > 0, so that for all large | x|,

e~ Vwlxl (e—\/alxl)
+0 .

f(x) =c n-1

n—1
|x| 2 |x] 2

Next, we have a general result about Z_, %Z,.

1.4. Spectral results about £_, %, .

Theorem 3. Supposew >0, f,, >0, f,, € H>(R") solves (1.2) and it has exponential decay. Then,
the operators £_, £ enjoy the following spectral properties:

(1) £- =0, so that 0 is a simple eigenvalue, with an eigenspace spanned by f,,.

(2) Z; has at least one negative eigenvalue.

(3) Assume in addition that n # 2, n(%£;) = 1. Then, Ker[%£+] 2 {01 fw,--.,0nfw} is either
n or n+ 1 dimensional. In the former case, Ker[%£,] = span{0 fy,...,0nfo}, while in
the latter Ker[£+] = span{0 fy,...,0nfw, Yo}, where ¥y is a function, depending on the
radial variable only, with exactly one zero in (0,00). In addition, Y is a bounded function
and there is the exponential bound |V (x)| < C(1 + le)_nT_1 e Vol fact, thereis c >0,
so that for all large | x|,

e~ Vwlxl
Yo(x)=c

+0

n-1

|x| 2

e_\/alxl)

n-1
|x| 2

Remark: The requirement for exponential decay of f,, could be weakened significantly. How-
ever, in view of the result listed in Theorem 2, the minimizers of (1.6) do have exponential decay.
Thus, generalizing Theorem 3 to cover f,, with less than exponential decay seems like a mute
point.

1.5. Smoothness of 1 — m(1) and the non-degeneracy of the constrained minimizers. We
start with a lemma that is interesting in its own right, but it will turn out to be relevant for the
smoothness A — m(A).

Proposition 3. Assume that (1.8) and (1.9) holds on an interval Q) = (a,b). Let A € (a,b) be a
point of differentiability for w(A). Then, for each sequence b j — 0, there exists a subsequenced j,
and ®,, so that

o limg—coll@r+s; —Pallm =0,
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o @, is a constrained minimizer for (1.6), in particular it satisfies ®) € H*>(R™) n L®°(R")
and the Euler-Lagrange equation (1.2), hence Theorem 2 applies to it.

Remark: For the purposes of the presentation below, we shall call ®, obtained according to
the procedure described in Proposition 3 a limit wave’.

For the next theorem, we make some remarks concerning the Lagrange multipliers w. As
we have alluded to above, in general, one cannot claim, without any additional arguments, the
continuity of the map A — w, and even the independence of w, on the particular minimizer
¢, Some of the smoothness issues were touched upon by Maris, [24].

Theorem 4. Let px < +%;. Assume that for a fixed interval (a,b),0 < a < b < oo, and for each
A€ (a,b), g, is a minimizer for (1.6) and

(1.12) lim g1 = a2 =0
then
(1) A = w(A) is a continuous function on (a,b) and A — m(A) isa CYa,b) function, given by
(1.10).

(2) The function A — m(A) is a strictly concave function on (a,b). In particular, m is twice
differentiable almost everywhere, ' (1) = =2m’' (1) > 0, whenever w' (1) exists.
(3) Assuming that ' (M) exists, then the waves @, are weakly non-degenerate, that is @, L
Ker[£.
For the rest, assume n = 3 and w'(\) exists.

(1) If ¢, is non-degenerate, that is Ker(£.] = spanl0,¢,,...,0,¢,], then the function A —
@, is differentiable as an L*(R™)-valued mapping, at all points of differentiability of w.
Also, we have the formula

0101 = -0 MNZL ).

In particular, (£ 9, 92) = — 5577 < 0.
() If g, is degenerate, i.e. Ker[Z.] = span[019,,...,0,92, Yol, but we assume the stronger
condition
(1.13) Jim 1 Pa+o —Palliz _
5—0 V1061
then again, the function A — ¢, is differentiable as an L*(R™)-valued mapping, at all
points of differentiability® of v and
Orpr =~ VL gy,
and consequently (L @y, p)) = _ﬁ(ﬂ) <0.
Remarks:

e The assumptions (1.12), in the non-degenerate case, is very weak, compared to the con-
clusions. Note that it is claimed that A — ¢, is differentiable®, which implies

lim lprrs —pallre
5—0 10|
Clearly, this last identity implies (5.3) and it is indeed stronger.

= 0A@2ll = l0' ML pall.

This is not a standard notion by any means, but it arises naturally in our considerations, we name it.
8which is at least almost everywhere
9at the points of differentiability of w
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» Even in the weakly non-degenerate case, the stronger assumption (1.13) is much weaker

than the subsequent claim. In the same fashion, it is claimed that in particular
limg_ W exists, which implies, and it is in fact stronger than, (1.13).

Our next result concerns some cases in which we can assert the non-degeneracy of ¢, .

Proposition 4. Assume that ¢ is a bell-shaped wave, which is weakly non-degenerate, that is
@) L Ker[%:]. Assume in addition that n = 3, n(%£;) = 1 and one of the following holds

K
(1.14) F(r)=)_ agrPs,
k=1
or
K
(1.15) F(r)=) arP*—br1,0<g<p
k=1
or
K
(1.16) F(r) = Z aprP —br1,0< pg<q.
k=1

Then, the corresponding constrained minimizer @ is non-degenerate, i.e. Ker[£.] = span[V].

Clearly, in order to ensure that a wave ¢ like that exists, we need further assumptions in
Proposition 4, like px < £ in (1.14) and (1.15), and pk < -%; in (1.16).

1.6. Applications to the stability of normalized waves for Schréodinger and Zakharov -
Kuznetsov equation. We finally state our results concerning the stability of the waves con-
structed in Theorem 1.

Theorem 5. (Focusing nonlinearity) Let (1.14) holds and n = 3. Then, for every A > 0, there
exists an a.e. differentiable function w = w(A) > 0 and a bell-shaped constrained minimizer f, €
H?R"™) N L®(R") for the problem (1.6) with

e~ Volx| e~ Volxl

fo(xX)=cy——F+0 — |, |x| —oo.
lx|2 x| "2
In addition, for every point of differentiability of A — w(A), let f,, be the limit wave, in the

sense of Proposition 3. Then, f,, is non-degenerate, in the sense of Definition 1. Finally, e'“*' f,,
is orbitally stable solution of the NLS and the Zakharov-Kuznetsov system.

Remark: We show that the assumption (1.14) implies (1.9). The rest of the statement is a
combination of Theorems 1, 2, 3, Proposition 4 and Proposition 3.

Our next result concerns mixed nonlinearities - some focusing and one defocussing, as in
(1.15) or (1.16). The only difference with Theorem 5 is that we now need to explicitly assume
that (1.9) holds. Note that such assumption is necessary, by Proposition 1, if we were to expect
normalized waves.

Theorem 6. (nonlinearity with at most one defocussing term ) Let the nonlinearity be in the
form (1.15) or (1.16) holds. Assume that (1.9) holds. Then, for every A > 0, there exists an a.e.
differentiable function v = w(1) > 0 and a bell-shaped constrained minimizer f,, € H>(R"™) N
L*®°(R") for the problem (1.6) with

e~ Volx| o~ Volxl
fw(x):Cw n-1 +0 n—-1 ’ |x|_)oo.

|x| 2 |x| 2
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In addition, assuming that n = 3 and for every point of differentiability of A — w(A), let f,,, be
a limit wave, in the sense of Proposition 3. Then, f,, is non-degenerate, in the sense of Definition
1. Finally, e"“’/”fw)L is orbitally stable for the NLS equation (1.1), and f,(x; — wy t, x") is spectrally
stable solution to the Zakharov-Kuznetsov model (1.3).

Our most general result, applies to general mixed power non-linearities, satisfying (1.8). Un-
fortunately, in this case, in order to obtain any stability result, we need to require (1.13).

Theorem 7. Assume (1.8), (1.9). Then, for every A > 0, there exists an a.e. differentiable function
o = w(A) > 0 and a bell-shaped constrained minimizer f,, € H>(R") n L*°(R") for the problem
(1.6) with f,(x) = cy e'ﬂ' + o(e_@f) as | x| — oo. Ifin addition n = 3, A is a point of differentia-

x| 2 x| 2"
bility for w(A) and

. —1/2
101721 fur = ol 2y =0,

then the wave e'°\' f,, is a spectrally stable solution of NLS (1.1), while f,,(x; — w1, x') is spec-
trally stable solution to the Zakharov-Kuznetsov equation, (1.3).

Let us finish this introduction with an outline of the paper. In Section 2, we introduce some
basic notions and standard results, in particular we present the basics of the Hamilton instabil-
ity index count in Section 2.3. In Section 3, we give the variational construction of the waves,
including the Euler-Lagrange equations, some initial smoothness results about the important
function m as well as the necessity of the assumptions of Theorem 1, formulated in Proposi-
tion 1 above. Section 3 finishes with the simple proof of Proposition 2. In Section 4, we discuss
the general functional properties of the waves, beyond the basics established in Section 3. In
fact, for most of this section, we take (the more general) viewpoint of the waves as solutions
to PDE, rather than constrained minimizers. We establish L° bounds at zero as well as pre-
cise asymptotic behavior at co. In Section 5, we start with an in depth analysis of the spectral
properties of the linearized operators Z_, % . In it, we need to resort to the spherical harmonic
decomposition, thanks to the radiality of the potential. In Section 6, we show smoothness and
non-degeneracy properties of the normalized waves. In particular, we prove Proposition 3. We
also discuss the subtle issues of the dependence of the Lagrange multiplier w, on the particular
minimizer ¢,, its continuity and concavity of A — m(A). In Section 6.4, we establish the weak
non-degeneracy of the waves, under the assumptions in Theorem 4. In Section 6.5 and 6.6, we
explore the differentiability of the (Banach space valued) mapping A — ¢,, under weak non-
degeneracy and non-degeneracy assumptions. This allows us to compute the sign of Vakhitov-
Kolokolov index, which in turn implies spectral stability. As it turns out, this is intimately related
to the concavity properties of m. In Section 6.7, we establish the non-degeneracy of the wave
in the cases considered in Theorems 5, 6, 7. This is the key remaining ingredient of the or-
bital stability of the corresponding waves for the NLS models, as stated in the aforementioned
theorems. This is done via an abstract result yielding orbital stability from spectral stability
and non-degeneracy. Finally, due to the failure of the abstract theory to cover the Zakharov-
Kuzntesov case, we provide a direct proof of the orbital stability for the Zakharov-Kuznetsov
model in Section 7.2, see Proposition 8.
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2. PRELIMINARIES

We use standard notations for L” spaces, W*? for Sobolev spaces etc. We use the following
definition of Fourier transform and its inverse

f(%t) = fR” f(X)e_Zm‘r'xdx,f(x) = fRn f(g)eZHif-xdgc

In this setting, the Laplacian is given by the symbol —47%|¢|?. A decreasing rearrangement for
a function f : R” — C is the radially decreasing function f* : R” — Ry, which has the same
distribution function as f. It is standard that for all lattice norms (i.e. those that depend only
on the distribution function dy(a) = [{x € R*":|f(x)|=a}), Ifllx =1f*lx. Inaddition, there is
the Polya-Szeg6 inequality

2.1) IVl = IVFlle,

where in addition, equality is achieved only if f = f*, modulo the usual invariance group. This
is then a good place to introduce bell-shaped functions.

Definition 3. We say that a function f :R" — R is bell-shaped, if f = f*.

The bell-shaped functions will have the following point-wise decay property that will be used
throughout in the sequel. Let x : |x| = R, then a bell-shaped function f satisfies, for all g >0,

1= [ If0itdy= caR"fool,
lYI<R

whence

Q3

0= f(x)=Cyllfllalxl 9.
The uniform convexity property of the L", r > 1 norms will be useful in the variational argu-
ments in the sequel.

Proposition 5. Letr > 1, {f,} be a bounded sequence in L", with a weak limit f, f, — f. Then,
lin}qinfllfnlly = fllgr.
Ifin additionlim,, || fyllzr = | flzr, then f,, — f in L" norm, that islim | f,, — fllzr =0.

2.1. Precise asymptotic of the Green’s function of (-A + 1)~L. We record the formula for the
Green function of (=A +1)71, that is Q({) = (1+47%&2)7 ! (see [10], p. 418)

(e¢] 2
o (D) dat

(2.2) Q) = 2vm) ™" fo 3

Note that Q > 0, radial and radially decreasing. Also, [|Qll .1 (gn) = fRn Qx)dx = Q(O) =1, but note
that Q(0) = +oo for n = 2. In fact, we have the following lemma about Q.

Lemma 1. The Green's function Q introduced in (2.2) satisfies, for all | x| > 1,
Q)| < Ce™™,
For |x| < 1, we have the asymptotic formula

Ix|2"+01) n=3
Qlx) ~ In(&)+01) n=2

In particular, Q € LY(R"), whenever q < 7 (or q < oo, whenn =2).
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Remark: More precise asymptotics will give the optimal decay rate for large | x|, whichis |Q(x)| =
n—1
Clx|~ 2 e,

Proof. The asymptotics near zero are well-known, see Proposition 6.1.5, p. 418, [10]. Regarding
|x| >> 1, we start by rewriting Q in (2.2). We obtain

—lxl poo
jx12 7" Jo un

It remains to check that
ZL)Z du
u

o0
sup | e MU < oo.

u>1Jo un-1

This follows easily, once we split the integration in (0,1/2), (1/2,1) and (1, 0c0). O

2.2. Eigenspaces of spherical Laplacians and applications to Schriodinger operators with ra-
dial potentials. The Laplacian operator can be written in its radial and angular components as

follows
Asn—l
r2 -

n—-1
A=0,,+ 0+
r

Let &y = Lfa d (R™) be the radial subspace of L2(R"), defined by

Xy =12,,R" = (£(-): fo P dr < ool

It is well-known that for each k = 1,2,......,, the eigenvalues of Ag:-1 are given by —k(k+ n—2),
with the spherical harmonics Y; as eigenfunctions!'® Agn-1 Vi = —k(k+n—2) Y. In fact, it is easy
to identify the eigenfunctions corresponding to k = 1, as these are exactly x—r’, j=1,...,n,

Xj Xjo
(2.3) -Agn-1i—=(n-1)—, j=1,...,n
r r
Accordingly, introduce the invariant for A subspaces
L= span{f(N)Yi: fre L2, R"), ~Agi1 Vi = k(k+n-2)Yi}, k=1,2,...
so that there is a orthogonal decomposition
L*(R") = &2 Xk

Next, consider a Schrédinger operator in the form /4 := —A + w — V(| x|), where the potential is
a radial function. Clearly, ./ acts invariantly on 2%, k =0,1,... as well. Denoting A := | o,
we observe that /. can be viewed as an operator acting on the subspace of radial functions
L2 . (R"), through the formula

n-1 k(k+n-2)

2.4) T = =0~ ——0r + 0+ ————=V(1),k=0,1,2,...

2

In addition, #p < /) <...< F <..., as operators acting on L7 4

R™), in particular,

ULZ(R”) (%) = UiOZOO-Lzad(Rn) (:;fk)

n+k-1 3 n+k-3
k k-2 ’

101t s also well-known that the multiplicity of the eigenvalue k(k + n —2) is exactly (

but this fact will not be used later on
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It is now easy to apply these ideas to the operator Z... Suppose that f,, is radial and sufficiently
smooth and decaying. Since Z, [V f,] =0and 0, f, = gfa’)(r), whence (recall that by (2.3), x;/r
is an eigenfunction corresponding to k = 1)

0= $+ [ajfw] = $+,1[fl]-

That is, the function f], is an eigenfunction, corresponding to zero eigenvalue for £, ;. Recall-
ingthat £, 0= %41 - "r—_zl, we conclude

(ZLiolf'1f) =Ll f1f) = (n=1) f f'?r"dr ==(n-1) f (f'ry*r"dr <o.
0 0
Applying the Ritz-Rayleigh principle implies the following lemma.
Lemma 2. £, always has at least one negative eigenvalue.

2.3. Index theory and spectral stability. In this section, we introduce some basic consequences
of the index theory, as developed over the last thirty years. In its most basic form, it was put for-
ward by Grillakis, Shatah and Strauss in a series of seminal papers, [11, 12]. Their theory applies
to the eigenvalue problem of the type (1.4), where the skew symmetric operator _¢ is invertible.
For eigenvalue problem (1.5), ¢ = 0 in particular fails to be invertible, the GSS theory does not
apply to it. This case is covered in more recent works, [18, 30] and more recently [23]. For the
results that we quote below, we follow the book [17] for (1.4) and the recent paper [23] for the
eigenvalue problem (1.5).
For (1.4), we have the following setup. The eigenvalue problem is in the form

(2.5) FLf=Af,

where ¢ is assumed to be bounded, invertible and skew-symmetric (_¢* = —_¢), while (£, D(%£))
is self-adjoint(Z* = %) and not necessarily bounded, with finite dimensional kernel Ker[Z].
Assume in addition that £ has a finite number of negative eigenvalues, n(%) and

j‘l : Ker[¥] — Ker[<£]*. Let k, denote the number of positive eigenvalues of (2.5), k. be
the number of quadruplets of eigenvalues with non-zero real and imaginary parts, and k;, the
number of pairs of purely imaginary eigenvalues with negative Krein-signature!!. Let Ker[£] =

{b1,...,dm}, , then introduce a matrix D = (Dij);’szl

(2.6) Dij =L ' f il £ p), i j=1,...,m.

where the formula is meaningful, since #~1¢; € Ker[£]*. The index counting theorem, see
Theorem 1, [16] states that if det(D) # 0, then

(2.7) ky+2kc+2k; = n(&)—n(D).

The most common corollary, which we use, is that n(%) = 1, whence stability follows once we
establish n(D) = 1. In the case of the eigenvalue problem (1.4), this is simply a consequence
of (%1 f,, fu) < 0. The case of the eigenvalue problem (1.5) is slightly more involved, as is
was alluded to above. Nevertheless, as shown in [23], spectral stability follows in the same way
(formula similar to (2.7) holds true), provided (2;1 fw» fo) <0. Thus, in all our spectral stability
calculations, we have reduced matters to the computation of the scalar index (.2;1 Jor fo) <0,
sometimes referred to as Vakhitov-Kolokolov criteria for stability. In short, we have shown the
following

Proposition 6. For the eigenvalue problem (1.4), assume that

lThe precise definition of those is provided in [15]. For us, kl._ =0, so this will be irrelevant
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e n(&Z)=1,n(Z)=0,

o fu LKer[%] and (£ f,, fu) <O.
Then, (1.4) is spectrally stable, in the sense of Definition 2. For the eigenvalue problem (1.5),
assume

e (&%) =1

o fo LKer[%] and{ZL;" fo, fu) <O.
Then, (1.5) is spectrally stable, in the sense of Definition 2.

Regarding orbital stability for the NLS problem, it follows from spectral stability, the non-

degeneracy of f,, (i.e. Ker[£+] = span|01 fy,-..,0nf0]), in addition to the smoothness of the map
w — f, as an H' valued mapping.

Remark: The last statement about orbital stability is a corollary of a very general result,
namely Theorem 5.2.11, [17]. Note the requirement about smoothness w — f;, as an H! val-
ued mapping, right under (5.2.47) on p. 139.

3. EXISTENCE OF THE WAVES

3.1. Proof of Theorem 1. We first show that the problem is well-posed, i.e. m(A1) > —oco for each
A >0, if (1.8) holds. If px < %, we have by Sobolev embedding, for each p € (0, %),

-n(- )

|| uIIsz+z < C|| uIIHn( 2p1+ < C||Vu||n(2 2p+2) “ u” 2 2p+2

Noting that2(p+1)n(% - ) < 2, we conclude that foreach u: || u|| = A, we have the estimate
8 P 2 2p+2
K 2pit2 2
(3.1) kz k+1 |l u IILZ,fW selVull}, + Cea
for each € > 0. Choosing e = %, it follows that
2q;+2
Iu] >—||Vu||L2 ||L2ql+2 %AZ—C%,A-

If on the other hand, pK < qr, we have by Gaghardo-Nirenberg inequality for all p € (0,qy),

.1 __90 1-6

2]l p2pee < llut)l? qL+2”””L2 ,where 0 € (0,1) : 222t 2 Thus,

X 2pp+2 2qL+2
(3.2) Nl s < €llulTyg "5 +Cen

kz pk+1 szk+2 LZqL+2
Once again,

2q1+2 ZqL+2
[u] = [Vull5, + Z 1 el 2g,.0 =€l 2, 72 = Cep 2 =Ce,p,)

for appropriate choice of .

Next, we take on the existence of a minimizer, now that we know that m(A) > —oo. First,
observe that when minimizing I[u], it is always better to take ©* instead of u. Indeed, by Polya-
Szego inequality and | ullzr = llu* | zr, we conclude that I{u] = I[u*], while || ull%2 =A=|u* IIi2
Furthermore, by the conditions for equality in Ploya-Szeg6, the minimizer, if it exists is neces-
sarily a bell-shaped function'?, i.e. u = u*. So, it suffices to focus our attention to bell-shaped
functions.

12atter accounting for translations
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Take a minimizing sequence, say 1, of bell-shaped functions, which satisfy | ; IIi2 =Aand
1
HNu;l=mA) + -.
J

We have shown that due to the assumption (1.8), we have either (3.1)or (3.2). In either case, we
have

” ”2 bl ” ”2ql+2 - (A) 1 ag ” ”2pk+2 <
Vi + E Ui =m + =+ E — U =
Jir2 ) [2q +2 . ) [2p +2

1=141 1 : J  k=1Pk 1 ¢

1 L

2 2q1+2
< m)+ H +e(IVujl, + ) Nl 52 + Cea
=1

Thus, for appropriate choice of €, we conclude

L
2q;+2

3.3) IVu;lZ, +IZ lujl dae < Ca,

=1
where C) is an explicit and continuous function of A, depending only on n and the parameters
P, q. Since this last quantity controls || u jllzpi» {uj} is abounded sequence in all these spaces. By
taking a subsequence, we can without loss of generality assume that u; converges to u; — ¢, in
all of these weak topologies. Recall now that u; = u; A I7F 2 = A, whence

/1:[ Iuj(x)lzdxzf Iuj(x)lzdxzcnR”Iuj(x)lz,
R” |x|<R
for every x: |x| = R. We have |u;(x)| < cnlxl_”/z, whence

f Iuj(x)|2+2”dxs cpnR7"P.

|x|>R

In addition, we have that for p < %, a=1-3 (Zfl) > 0 and hence by Sobolev embedding,
lujllwarmn < Cllujll gigny < Ca. Thus, by the Riesz-Relich compactness criteria, u, is a com-
pact subsequence in the strong topology of all L?¥™2, whence (after eventual taking a subse-

quence), lim; [lu; — ull j2p;+2 = 0, k = 1,..., K. Using the lower semi-continuity of the weak norm,
with respect to the strong normin L”, r > 1, we have ||(,o||i2 <liminf; |lu; ||i2 =Aand

L p K g
m) = lim Iu;] = Hminf[|[Vui % + Y —— w1772 ] —lim k2P
()= lim Iu;] minflVu; 1, ;qlﬂu il pqpz] i k;lpk LT o
> |[|[Vel? +i bi ||<p||2‘””—f Tkl = [1g] = m(lpl?) = m(Y)
= L2 et ql+]_ L2q1+2 = pk‘l’]. L2,l7k+2 - - )

where in the last step, we have used the fact that m is non-increasing. Clearly, in all the above
chain of inequalities we have equalities. In particular, ||(p||i2 = A, Ilgp] = m(A), whence ¢ is a
minimizer of (1.6). In addition, observe that liminf; [|Vu;| ;2 = Vel 2 and

liminf; |ujll;2q+2 = @l 20,42, 1 = 1,..., L. By Proposition 5, u; tends to ¢ in the norm of H'R™MnN
LZ qr+2 (Rn) .
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3.2. Euler-Lagrange equations. We now derive the Euler-Lagrange equation, which are satis-
fied by the minimizers ¢,. The starting point is that for arbitrary test function h and a real
parameter €, there is the inequality

ppr+eh
llpa+ehllp

which exploits the fact that ¢, is a minimizer. For simplicity, take h real-valued so that £ :
(h, 1) =0, lps +ehl?, = A +€*||h||*. Expanding in orders of ¢, we find

(3.4) I1vVa

= I[@al,

lpr+ehll2

f|V[<m+eh]|2—f G(p5 +2eprh) + O(€?) =
R” R”"

Il +26((~Apy — G (@)@, 1) + O(€”).

It follows that (—A¢@, — G’ ((pi)(p 1, h) =0, whenever h L ¢,. Equivalently, there is a Lagrange
multiplier w,, so that

(3.5) ~Apy—F(@3)pr=—Apr— G (@)1= -wrp).

Note that so far, this equation is only satisfied in weak sense, since we only know ¢, € H'(R")!
This is of course nothing but the elliptic profile equation (1.2). Taking dot product with ¢,
(which is justified even for weak solutions ¢,) gives the useful relation

_ Jrn F((pi)(pi —IVall?
= f )
Taking into account (3.6) and expanding up to second order in € in (3.4) (keeping in mind that
h 1 ¢,), we obtain
I [\/Zw—-'-eh =
lpr +ehll2

(3.6) W,

€? €?
1- —||h||2)f IVigpa +€ehl? —f G((q)i +2eprh+€e*h?)(1 - —||h||2)) =
A Rn Rn A

1
Iyl +¢€ (<(—A—F(<p2) —2F (99" b, h) + 7 fR RACHIE IIVWIIZ)IIhIIz) +0(e*) =

Ilpa] +€*(Ly h, by + O(ED).

It follows that (%, h, h) = 0, whenever h L ¢,. It follows that £, has at most one negative
eigenvalue. In Morse index notations, n(%;) < 1. It follows from Lemma 2 that n(%£;) = 1, so
we conclude that n(%,) = 1.

3.3. Properties of the function m(A).

Lemma 3. The function m: (0,00) — RU{—o0} is a non-positive function. In addition, supposing
that the requirement (1.8) of Theorem 1 is met, then m is a Lipschitz function, with a locally
bounded Lipschitz constant.

Proof. Fix A > 0 and a Schwartz function y : ||)(II%2 = A, so that y,(x) := w2y (ux), has the prop-
erty |l = A. Then, m(A) < I[x,] for each u >0, whence

.. T 2 2 -n n,2 _
m(ﬂ)SlLl’E(l)&lfI[xu]—lllun_l)(l)alf[/.t IIV%IIL2 7} fRn G(u"y“(x))dx] =0.
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Suppose now that (1.8) is satisfied. According to! (3.3), we may define

md) = inf Iu] = inf Iu]

lul2=A,lul 2q;+2<2C), lul2=A,llul 2q;+2<1.5Cy

HlnL HlnL

Upon introducing a new variable, U : u = VAU, we can write

pE-1
m(A K apd™z
k(A) := m) = inf VU - Y k |U|22Pk 4
A WUIZ=L1U1l 1 24,+2=2C2 =1 Pe+1 Jrn
L A"

|L”2+2qq

+

>

=1 ql + ]‘ R"

Clearly, it suffices to check that k is Lipschitz. Fix an U that satisfies the constraint for A + ¢, that
is Ul =1, Ul g1p2a+2 <2Cy4s. For each such U we have

K Pt L 471
ar(A+0) 2 bj(A+06) 2
IVUIP =3, =———— | WU ) ————— | U=
k=1 Pk R” =1 qi R”
K Pl L a1
agd= 2 b1~z
= VUI*- Y [ RELESY |U**29 + B 5,
=1 Prt+1 Jrn =1 q1+1 Jrn

where the error term Ej ) clearly can be estimated as follows

2+24q1
L2+2qL

2+2pk
L2+2pK

1
IEMISC|5I(X+A‘7L+/1”K)(1+IIUII +Ull ) = 61Dy,

where again D, is an explicit, continuous (and computable in terms of C,, p, 4 etc.) function
of A. It follows that, by taking |6] small enough so that 2Cy,5 > 1.5C, and consequently taking
infimum over all U satisfying the constraints for 1 + 6 (and hence, by the choice of é for 1 as
well)

3.7) k(1) —Dy|6]| < k(A +6) < k(L) + Dy|6].

This is the desired Lipschitzness for k, with a constant D,. Due to the fact that m is Lipschitz,
we have that it is differentiable a.e. We show now that w; > 0 and whenever m'(1) exists, we
have the formula m’'(1) = —%. Indeed, start with the inequality

(3.8) Ip) +ehl = m(ll@) +€ehl®) = m(A+2e{py, hy + €| hl|%),

valid for all € and all test functions /. On the other hand, there is
2

(3.9) Ilpy+ehl=1Ilp)]—ewyipy, h)+ %«5& —wp)h, h) + 0(€®) = m(A) —ew) (@), h) + O(?).
Taking h = ¢, yields

(3.10) mA+2Ae +€21) < m(A) —eAw) + O(€?).

2 —_ . . . . .
For € < 0, we have —w; < m(Mmef A)=mA) "\whence by taking liminf,_o_ and taking into ac-

count that m is decreasing (and since 21¢ + A€ < 0 for all small enough € <0),
C . .mA+22e+€*A) —m(d)
—w) <liminf <0,
€—0— Ae

13\hich holds whenever m(A) > —oo, hence it is enough to assume only (1.8)
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s0, wy = 0. If m'(A) exists, we can compute it from (3.10). Indeed, taking € — 0+ yields

mA+22e+€e?L) — m(d) _ o

/ R T
@1 O T ;

’

whereas taking lim._.o_ yields
m' b = lim m(A+2e+€e*A) — m(A) oy
e—0- 2Me 2

Combining the last two inequalities gives the desired formula m'(1) = —%, whenever m' exists.
Since m is Lipschitz and hence absolutely continuous, there is the formula (1.10).

O

In the case w) > 0, we can actually say that ¢} is a classical solution of (3.5). Indeed, for ¢,
(which is initially known to be only in H!(R") n L?7:*2(R")), we can write

(3.12) @1 =(—A+w) " [Flpilal.

Since the radial potential V := F [(pi] has some decay at oo, we conclude from Theorem 2 that

in fact |, (x)| < Ce” V@11l Going back to (3.12), it is clear that the bell-shaped function ¢, is in
fact H?(R™). This can clearly be bootstrapped further, we will not need to do so here.

3.4. Necessity of the assumptions: Proof of Proposition 1.

3.4.1. (1.8) isnecessary. Assuming that (1.8) fails, let A > 0 and fix a Schwartz function y : || ¥ ||i2 =
A. Consider testing (1.6) with the sequence yy = N"/Z)((Nx) : IIXNII%Z = A, for N >> 1. We obtain

242 242
Iyn) = N2IV YIS, = N"™PRI I 2P + NP5, % + o (NTPK)
Clearly, N"*PX is the dominant term, whence m(A) < liminfy I[yn] = —oo.

3.4.2. Waves exist only for w) > 0. One can directly use the Pohozaev’s identities (A.2). From it,
and assuming that f;, is a minimizer, we have

ol =n [ GUENAx— (1= DIV foll =209 fo I = nm(1) >0,

taking into account that m(A) < 0, as established earlier. It follows that w,; > 0. Note for future
reference that if f, is a constrained minimizer, then w, = —%M. In particular, on an interval
(A1, A2), since m is non-increasing, we obtain

3.13 inf w;=>-
( ) Ae(A1,A2) A A1

3.4.3. A — m(A) must be non-increasing. We have essentially showed this already. Indeed, re-
call that A — m(A) was shown to be Lipschitz, only under the assumption (1.8) (see Lemma
3). As such, it is absolutely continuous function, with a derivative a.e. Finally, assuming that a
minimizer for (1.6) exists, we have (3.8)and subsequently (3.10), whence we compute the deriv-
ative to be m'(1) = —%. Since a.c. functions are integrals of their derivatives, we have for each
0< A <Ay,

Ao 1 A2
m(Az) — m(A1) :f m'(A)dA = ——f wyrdA <0,
/ll 2 /11

since w) = 0. Thus, m is non-increasing.
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3.5. Proof of Proposition 2. Recall that by Theorem 1, 2, |{p}* = 0. Take any element ¥ €
Ker[%,]. Then, ¥ — ||@||~2(¥, p)¢ € {p}*. Thus, it follows that

0< (L (¥~ llgll2(F, p)p), ¥ — llpll 2 (¥, 0)p) = @ ~* (¥, )2 (L1, p).

Butsince (Z; ¢, p) < 0, we conclude that (W, ¢) = 0, otherwise a contradiction with the previous
inequality. This establishes Proposition 2.

4. PROOF OF THEOREM 2

In the next lemma, we show that the solutions to (1.2) are bounded at zero, provided (1.8) is
assumed. Recall the notation V(x) = F(f?(x)).

4.1. Bounds at zero.

Lemma 4. Assumew >0, (1.8) holds, and f is a bell-shaped function, with f € L*>(R™), so that f
is a strong solution of (1.2), that is

(4.1) f@) =(A+w) HVf]= w?‘lfRn QWaw(x—yNFE(fP () f(ydy.

Then, f € L*°(R").

Proof. Since f is bell-shaped, clearly f(0) = sup,cg|f(x)|, so we need to show that f(0) < co.
Since Q > 0, f > 0 and after ignoring the negative part of the function F, we obtain

K

ar f2Pe (y)dy =
k=1

0< f(x) < wg_lfRn QWw(x—))(

K
= oY @ fR QW lx— ) 2P (y)dy.
k=1 "

By the exponential decay of Q, the integral clearly converges for large y, so the issue is control-
ling the integration, say over |y| < 1.

Assume n = 3, the case n = 2 is treated similarly. As we saw in our earlier arguments for
bell-shaped functions in LY spaces, we have that f(x) < ¢, fll 1 |x|~"4, for all x # 0. Consider

so =inf{s > 0:|f(x)| < Cslx|™*, for |x|<1}.

Clearly, since f € L?, we have that 0 < sy < g We will actually show sy = 0. Assume not, so sy > 0
and take any s > sy. Take 6 € (0,1) and x: |x| = 6. Then,

fH Q=P pdy= | QW= pndy+
yI<

<3

*ﬁ QW(x—y»fzr’“w)dysa‘(”‘”f gy
3<lyl<2é y

<5

+ 5—(2p+1)sf |x_y|—(n—2)dys 62—(2p+1)s
S<lyl<26
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We have also good bounds for f25<|y|<1 QWw(x— ) f?P*1(y)dy. Indeed, for ko : 20716 < 1 <
2k 5 we have

ko
f QWw(x—y) 2P (ydy < QWw(x—y) P (ydy <
26<|yl<1 k

1 2k5<|y|<2(k+1)6

ki ki

< 20: (2k6)—(n—2)f |—s(2p+1)dy < i (2k5)2—(2p+1)s < max(l,éz—(2p+l)s).

~ =1 2k5<|y|<2(k+1)5 ~ k=1 ~
and also, abound by a constant for f|y|>1 Q(Vw(x—) f2P*1(y)dy, due to the exponential bounds
for Q. The least favorable bounds occur of course for p = pg, so this shows that |f(x)| <
Cmax(|x|~(@Pct1s=2) 1) If 2pg +1)s—2 < 0, we have s, = 0 and we are done. Otherwise, if
2pxk+1)s-2>0,

So=(2px+1)s-2

for all s > sy. This leads to the inequality sy = PLK. But, px < %, whence sy > 7. But, we already

know that sg < g, a contradiction. So, sy =0.
This means that for all € > 0, there is C, so that f(x) < C¢|x|™¢. Clearly, by our argument

above, with s =¢,
lyl<26

for small enough €. Similar to the previous estimate, now with s =,
J25<1y QW@ (x =) f?P*1 (y)dy < 1. Thus, the boundedness of £(0) is established.
O

4.2. Asymptotics at infinity for eigenfunctions and waves. The next lemma is about the exis-
tence and properties of Jost solutions, with the expected prescribed behavior at co. This result
will be an important ingredient in two related, but overall different situations. First, to establish
that the (radial portion of the) eigenfunctions for Schréodinger operators with radial potentials
have exponential asymptotics at co, and second, to actually show that the waves (which are
solutions to a non-linear problem!) actually do decay exponentially at co.

Lemma5. Letk >0, a € R, A>>1 and let V be a smooth potential, with V € LY (A,00). Let ® be
a non-trivial C*® decaying solution in (A, o) of the problem

(4.2) —@"(r) + kK*®(r) + %CD - V(r)®(r) =0.

Then, asr — oo,

—kr —kr)

D(r)=cpe " +o(e

)

with some ¢y # 0.

Remark: Assuming faster decay for V, say V = o(r~3), we can explicitly calculate the next
asymptotic term, namely

a
O(r) = cole ¥ + ﬁr‘le"”] +o(rle ).

Proof. At issue here is the construction of a complete system of linear independent Jost solu-
tions for (4.2). We will show that there are solutions g, = e %" + 0(e™*"), g, = e*" + 0(e*") of (4.2).
Once this is done, the proof follows easily, since this is a complete system and any solution, and
in particular @, is a linear combination of g1, g». Since @, g; are localized, whereas g is growing
at oo, it follows that ® = ¢y g;, which is the claim.
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In order to construct g; (construction of g, is identical), recall the formula for solutions of
the inhomogeneous problem —h" + k? h = G, which takes the form

1 [oo 1 [oo
(4.3) h(r):—ﬁ fr ek(s_r)G(s)ds+§ fr e =N G(s)ds.

We will show that the ansatz g1 (r) = e”¥" + ¥, (r) produces a solution with the required bounds.
Note that ¥, solves

a _
—W () + K2 () + (ﬁ —V() (e Wi () =0
Thus, we need to solve the integral equation

W, (r) = 21k ekls=n) (V(s)—%) (e"“+\yl(s))ds+$f e Ks=n) (V(s)—s%) (e %+ W, (s))ds.
r

Introduce v, (r) := k", (1), so

* _ —2ks
@ = (vo-3) o f (vio-3)a+yias
The linear operator
_ —2ks
A== (V(s) ) f Zk (V- ) f(s)ds.
clearly has small norm, when acting on the space L°°(A, oo) for A>>1, say
1
| All oo (A,00)— Lo0(A,00) = 5
Thus, we can resolve (4.4) as follows
“l_ = -2ks
w=d-N" f V(s) - Zkf (V(s) Sz)ds]
It follows that
I [ a kr oo —2ks a
Whimeo =20= 52 [ (VO =F)ds+ S [~ e (Vi - Z)dslipinco:

Since V € L' (A, c0), for large enough A4, it follows that
[o,0] |a| _ (e e]
Wl Loo(A,00) < Ck,afA [V ()] + ?]ds < Cra(A™ +fA [V (s)D.

so the result is established. If V has even faster decay, say o(s~>), we can compute explicitly the
next order term for ¥ to be

© -1
Y } (V(s)——)ds—ﬁr +o(r ).
Thus, we have the asymptotic formula (for large r)
O(r)=e 4+ L plgkry o(r~te *n).

2k
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Next, we deal with the question of the asymptotic behavior at co of bell-shaped solutions of
(1.2). Clearly, Lemma 5 will be helpful in this regard. Indeed, a solution of (1.2) satisfies the ODE

n_

1
—f"(r)—Tf'(r)+wf(r)— V(r)f(r)=0,r€ (1,00)

where recall V = F(f?). We make the transformation g(r) := rie f(r), so that g satisfies
(n-1)(n-3)
4r?

Note that by the bell-shapedness of f, we have 0 < f(x) < cnIIfIILzIxI_’”Z, whence 0 < g(r) <
cnr_l/z. Clearly, (4.5) is in the form (4.2), with w = k?and a = W.

The only missing piece is that the potential V(r) = F(f?) = F(r~"""V g2(r)), does not satisfy
a priori the required integrability condition V € L'(1,00). Indeed, since we only assume f €
L?(R™), we can only infer a decay f(r) ~ |r|‘§, whence V (r) ~ min(|r|~P1", r~41). This does not
satisfy the condition only when min(py, ;) < %, but it turns out that one can address this issue,
even for small min(py, q1).

We set up a bootstrap argument as follows. Let

(4.5) -g"(rn+ gr)+wg(r)-V(rgr) =0.

09:=supioc>0: f(r)<C,r %, for r>1}.

We already know that oo = 5. It remains to show that o¢ = co, whence the result will follow,

since V (r) = F(fz(r)) < (fz(r))min(pl"m < Cpnr N for any N and r > 1.
Assume that 0y < oo and let 0 < o < 0. Use the representation of f (as a function on R")

f)=w?! fRn QWw(x—yF(f () f(dy

Let x : |x| > 1, so we estimate (by using the boundedness of f),

fo < [lhxx¢6u—ynumFUMfumdy+ﬁxIﬁmVEu—ynwr””m”m”m”dyS
YI<% - <ly
< 54MMWHM”mm“”““wi@u—wMysf@muWHm”mm“W“V

It follows that ¢ = o(2min(p;, g1) + 1) for all o < 0, a contradiction.

5. PROOF OF THEOREM 3

We start with the spectral analysis of Z_.

5.1. The operator #-. Denote V(r) := F(f2(r)), so that - = —A+w-V(|-]). Clearly £_[f,,] =
0. We apply the spectral decomposition of Section 2.2. We obtain a sequence of operators
Z_k=0,1,... acting on Lfad, so that Z_y < Z_; <.... In order to show that Z_ = 0, with
a simple eigenvalue at zero, it clearly suffices to show Z_ , = 0, with a simple eigenvalue at zero.
Set the eigenvalue problem Z_  for radial valued functions f

16rf+a)f—V(r)f:pf.

(5.1) 0, f - =

-

Introduce a change of variables, g : g(r) = r% f(r). Note that [|gll ;20,000 = Il f1l 12 &’ and so,

(5.1) becomes, in terms of g

, (n=1)(n-3)
+ -

5.2 -
( ) 8 4r2

gtwg-V(rig=ug
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Denoting Vi (r) := V(r) — %j;‘_?’), we recast the eigenvalue problem in the form —g" + wg —

Vi(r)g = ug, where g € I%(0,00). This is slightly unusual eigenvalue problem, but observe that
the operator L_ := —dd—:z + w — V; is essentially self-adjoint on the Hilbert space [?(0,00), when
considered over the domain {u : u € C;°(0,00)}. See laso [31], p. 91, where similar eigenvalue
problems arise.

Clearly, L_o[f,] =0, f,,(r) := ri fuw(r). We will show that this is the bottom of the spectrum.
This is essentially contained in the Sturm oscillation theorem (Lemma 2, p. 92, [31]), but we
shall give a direct proof, as the result in [31] is stated with boundary conditions at zero, which
are not relevant for us.

So, assume for a contradiction, that there is a negative eigenvalue for £_ o. That s, a function
VY and oy > 0, so that L_o[W¥V] = —U%\I’. Following the proof of Lemma 2, p. 92, [31], let (ro, 1) :
0 < rg < r <oo, is an interval in which ¥ does not change sign, but ¥ (ry) = ¥(r;) = 0. Without
loss of generality, ¥|(y, ) > 0, otherwise take —¥. Note that ¥'(ry) = 0 and ¥'(r;) < 0 (in fact
Y'(r) <0, if r; <o0). Consider

~
Il

f W dr = (Y~ =
ro

(' (1) foo (1)) = P (r1) foo (r1)) = (¥ (r0) oo (ro) = P (r0) foy (1)) <0,

since ¥ (rg) = 0,¥(r7) = O,T’(rl) < 0,¥'(ry) = 0 and f,, > 0. On the other hand, using the fact
that L_o[¥W] = —o3¥ and L_ [ f,] = 0, we have

0

r _ _ 4l _
I:f (\P”fw—\yfw”)dr:agf ¥ f,dr > 0.
I 1o

This is of course a contradiction, whence ¥ has only one zero, at r; = +oo. This means that
the function ¥ = 0, in particular (¥, fw> > 0. This is a contradiction again, since eigenfunctions
corresponding to different eigenvalues are orthogonal.

So, Z_» does not have a negative eigenvalue and zero is at the bottom of o(Z£- ). Similar
argument produces a contradiction, if one assumes that there is a second, independent from
f., eigenfunction, corresponding to the zero eigenvalue. Thus, zero is a simple eigenvalue for
£_ o and hence for Z_.

5.2. The operator £,. We apply the decomposition in eigenspaces of the spherical Laplacian
as described in Section 2.2. More specifically, the operators Z, i,k = 0,1,... act on the space
&7, asfollows

n-1

Lep = ~Opp= 0+ = Wi(D),
-1 k(k+n-2

$+,k' = _arr_n ar+ (C ;l )+w_Vl(r))k:]-)27---
r r

where Wi (r) := F(f2(r) +2F'(f5(r) f3(r),r > 0. Note that 0 = £, [V f,,] = £, [%f,] is equivalent
to Z 1l fcf,] =0, since g, j =1,...,n are the first non-trivial harmonics, corresponding to the
eigenvalue (n—-1).
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Since £, < %41 <...,and by the assumption n(#;) = 1, we clearly must have that n(Z, o) =
1, while &, 20,k =1,2,.... The remaining statements about £, in Theorem 3 amount to es-
tablishing the following

(5.3) Ker[Z, ol ={0} or Ker[Z; 0]l = span{¥y},
(5.4) L= Sl%ll’l{fcf,}, "%“L*ll{fcf)}l >0,

where {-}1 is in the sense of the Hilbert space Lfa a7 equipped with its dot product (f, g) =
IS fngmrtar.

5.2.1. Proofof (5.4). We apply the transformation g(r) = rie f(r). Thus, the eigenvalue prob-
lem, for the zero eigenvalue of £, ; becomes

, (m=-1(n+1)
+—

(5.5) -8 12

g+wg—Wi(r)g=0.

where g € L?(0,00) : [;°1g(r)I?dr < oco. It suffices to show that there is no second localized
eigenfunction for (5.5), other than gy(r) = ri f'(r). To look for a second eigenfunction, we
set the usual ansatz go(r)G(r), which leads us to the ODE G" gy = —2gG’. Solving it, we obtain

a solution G(r) = flr 1(1) dt. Note that the function gy does not vanish in (0,00), whence this

gZ
formula makes sense foor all r € (0,00) and a second eigenfunction is in the form
Tl
g(r) = go(r)f 5—dr.
1 &y (1)
The function g is linearly independent from gy, because g(1) = 0, while g'(1) = — and so the

8o(1)
g g'm ) _ 4
g0 gy )
We now argue that g is not localized at r = oo, hence precluding the possibility for a second
eigenfunction, corresponding to eigenvalue zero. To this end, note that for r > 2,

Wronskian is non-trivial, since det(

U |
s—dr =500
r-1 85(7) 8 (7)

g(r)= go(r)f1 dt > go(r)

1
85(1)
for some 7 € (r —1,r). We now show that lim,_., g(r) = co. Recall that the function gy solves
(5.5). By Lemma 5, go(r) = coe“/a’ +o(e™V®) as r — oo. Thus,

—Jar
r e
lim g(r) = lim 2804 =]lim — =00
r—o0 r—oo g& (r—1) r—o Coe—Z\/B(r—l)

It follows that gy is the only localized eigenfunction (and hence zero is simple eigenvalue for
2. o), since every other eigenfunction must be a non-trivial linear combination of gy, g, and as
such it will not be localized at co.

5.2.2. Proof of (5.3). As before, with the change of variables g(r) = ri f(r), we consider the
operator
(n-1(n-3)

. 2
L+,0.— _ar+ 4r2

+w— Wi (r).



24 ATANAS STEFANOV

More specifically, we consider L, ¢ as given by the Friedrich’s extension for the form domain'*

2
{g € L2(0,00) : g(0) = 0, [°|g'(NI?dr < o0, f gr(zr) dr < oo}. Note that in order to satisfy the in-
gz(r)

tegrability condition at zero (that is fol dr < o0), for functions in the form g = ri fr),
f € L2 2d. (R™), we need n = 3. Thus, for n = 3, the spectral problem of interest, that is £, o on
LT 4 (R”), becomes equivalent to the spectral problem for L, ( (as a Friedrich’s extension).

Per our assumptions, n(Z;) = 1, whence n(Z; ) = 1, whence n(L, ) = 1. Thatis, L, o has a
negative eigenvalue, say —o'3. Similar to the arguments for £_, the next eigenfunction, say ¥ (if
there is one at all!) must change sign at least once in (0,00). Clearly, this eigenfunction cannot
correspond to a negative eigenvalue, as this would contradict n(L; o) = 1. Therefore, it may
correspond to a positive eigenvalue, in which case we are done - this implies Ker[L, o] = {0}.
Finally, there is the possibility that the eigenfunction ¥, corresponds to a zero eigenvalue, that
is L+'0\P0 =0.

We will now show that ¥, cannot change sign twice. Suppose that it does changes signs
twice, say at r1,12 : 0 < r; < 12 < oo. Following the argument in Lemma 1, p. 91, [31], we set

2
P1(r) = Yox,)» P2(r) = PoX(ry,r P3(r) = 0 X (100)- Note Wo(0) =0 and fy HePdr < oo,
Clearly, ¥, j =1,2,3 are continuous and piecewise C!, but they do not belong to H?(0,00) =
D(- 2) On the other hand, they do belong to the form domain. For arbitrary coefficients
a],] =1,2,3, we compute

o 3 — — oo 3 -‘{/~|2
§ Z Z (n—1)(n-3) 125, a;Y
j:l

j=

+ fo (@— Wi ()| Z a;¥;|*dr =
j=1

3 i - 1D(n-3) |¥;(n)P
.Z|a,~|2f] [|\I’j(r)|2+(" )4(" ) 5 +(w—v1(r))|\lfj(r)|2]dr=

(n-1)(n-3)

S ¥+ = W ()| dr =0,

3

= Z ajl f ¥
It follows that on a three dimensional subspace X, sup fe x{f,L+,0f> =0. Hence, L, o has either
two negative eigenvalues (a contradiction with n(L, o) = 1), or zero is a double eigenvalue. We
can rule out the second eigenfunction at zero (and hence contradiction with the two zero of the
function Wy) in a similar manner as in Section 5.2.1. Clearly V¥ satisfies L, o[¥] = 0 in (r,,00),
whence by Lemma 5, W (r) = coe VO +0(e VP ) as r — co. In particular, W (r) # 0 for all large
enough r. Take r, to be the largest zero of ¥( and define a second eigenfunction, in (r.,o0) via
the formula

Y(r) = ‘I’o(r)f

dy
2( )
Similar to our arguments before, thereis 7 € (r —1,r), ¥(r) = $g—§:§ By the asymptotics for ¥y, it
0
follows that
r
lim Y(r) = lim Folr) _
r—00 r—00 \112 ( r)

14Eor the case n = 3, the integrability at zero condition is clearly not necessary.
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Thus V¥ is not localized and so no eigenfunction, other than ¥y, is localized. Thus, we have
reached a contradiction again, which was due to our previous assumption that ¥ has two zeros
in (0,00). Thus, ¥ has exactly one zero in (0, 00).

6. SMOOTHNESS AND NON-DEGENERACY PROPERTIES OF THE NORMALIZED WAVES

We start with the proof of Proposition 3.

6.1. Proof of Proposition 3. Let us first show that there is a convergent subsequence of 5.
Recall that in the course of the proof of Theorem 1, we have shown there that each minimizing
sequence has a convergent subsequence (denoted the same), in H' sense, to a constrained

minimizer, ®,. It remains to show that #q) A+5; is minimizing. Clearly,
J

/ A 2

A
Iy m(mﬂsj] =Ilpa+s;1+0[6;1=m(A+5;)+ 06 ) — mA),

since the function m is continuous. It follows that %(p A+6; is minimizing and hence con-
J

Also,

verges to what we call ®,. Clearly,

. ) A
h}ml’maj =11§n\/ 1+, Pa+s; = Pa,

in H' sense. From here on, the proof of Proposition 3 follows the scheme of the proof of The-
orem 4, except we have a discrete sequence 6 j, instead of a continuous variable 4, as it ap-
proaches zero.

6.2. On the independence of v, on the minimizer, its continuity and m € C L(a, b). First, we
note that while w) might potentially depend on the minimizer, m(A) certainly does not. On
the other hand, it was already established that m'(1) = —%, whenever the derivative exists.
Thus, on the full measure subset of Ry, & := {1 > 0: m/(A) exists}, w, is independent on the
minimizers, in the sense described in the statement of Theorem 4. Clearly «f is a dense set as
well. Recall the formula (1.10), where we can think of the integrand w, as being only defined
over &/, and hence independent on the minimizers. If we are able to show now that the function
wlena,p) has a continuous extension over (a,b), then we can use (1.10) to conclude that the
derivative of m is a continuous function and hence in class C!(a, b). Hence, we will have a
legitimate formula w) = —2m/'(A) for all A € (a, b). In particular, w; would be independent of
minimizers as a derivative of m, which is naturally independent on the minimizers, due to its
definition. Thus, it remains to establish the continuity of wl|.. In fact, it is enough to establish
the following proposition.

Proposition 7. Suppose that limg_.g+ |@r+5 — Pll;2 = 0. Then, foreachr:0<r <oo, n =2 or
0<r < -=25,n =3, we have that

6.1 lim 2+2rdx:f >+ dx.
(6.1) 5ot Pr+o .
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Let us show how to obtain the continuity of A — w(1) under the assumption (1.12). Suppos-
ing that (1.12) holds, we have from the proof of Proposition 3 limg_q l¢+5 — Pl g1 424,42 = 0 -
indeed, for every sequence 6 j — 0+, we will be able to take a subsequence 0 je» SO that @ A+6),

converges to ® in H' n L?9:*2 which implies exactly that lims_q |¢1+5 — @l g1~ 24,2 = 0.

Now, the formula (3.6) for w, ¢ represents it as a linear combination of |V®|| and various
LPk, L9 norms. The convergence of the LY norms is guaranteed already, whereas Proposition 7
(more specifically (6.1)) provides the convergence of the L” norms. With that, supposing that
for any {1 +6;}; < (a,b), we will have proven lim; WA+6; = lim ‘“Mc‘ij,tpmaj = w)9- Thus, the
function w| 4, can be extended as a continuous function on (a, b).

Proof. We have already shown thatlims_.o |@1+5—Pll;2 = 0implieslims_o @ +56 =Pl g1 20142 =
0. The formula (6.1) is a consequence of the Sobolev embedding H LR") — [2+2r(R™), valid for
exactly the range of r specified in the statement. U

The next order of business is the concavity of m. Note that the concavity property is indepen-
dent on the assumption (1.12).

6.3. The function A — m(A) is concave down. Our starting point is the inequality (3.8) estab-
lished earlier. Taking into account (3.9), it reads

2
(6.2) mA+2e{py, h) + €| b)) < m(A) —ewy (@, h) + %(($+ —w)h,h)+ 0.

Writing the same inequality with € — —€ and adding the two yields
(6.3) m(A+2e(py, h)+€*|hlI>) + m(A—2e(py, h) + €| h]|1?) < 2m(A) +€2 (L —w ) h, h) + O(€>).

This inequality is valid for all /2, but we wish to apply it for the eigenfunction, corresponding
to the negative eigenvalue for Z,. Recall that according to Theorem 1 and Theorem 3, £, has
exactly one (simple) negative eigenvalue, say —Ui, with a normalized eigenfunction y, : [xall =
1.

We note that (y;,¢,) # 0, since otherwise, we will get a contradiction with the property

ZLilip,yr = 0. Take h:= %. Applying (6.3), we obtain
€202
6.4)  mA+e+e? D) +mA—e+e?|hl?) —2mA) < oWl - ——2— + 0.
4(%1; (P/l>
We have by (1.10)
Axe+e?||h|)? 1 Aze+ellin)?
m(ﬂtie+ezllh||2)—m(/lie):f m'(z)dz:——f w(z)dz
A+e 2 Jre
whence by the uniform continuity of w(A) on (a, b),
€2|| ]’l||2 1 A+e+€2| k|2
mA+e+e*|hl®) - mA+e) + w(A) :_Ef [0(2) — w(A)]dz = Ouni form(A,€%),
A+e
) 2
meaning lime—.o Sup y¢ 4 p) ()‘“”f+§"m€) = 0. Thus, applying this in (6.4), we obtain for all € # 0,

2 .2
€0'/l

6.5 A+e)+mA—e)-2mA) < ——F—
(6.5) m(A+e)+m(A—e)-2m(A) IR

+ Ouniform(/ly €).
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It follows that

2
—e)—2 o
(6.6) limsup sup m +e)+m—e) —2mA) < - inf A

5 <- inf —=——<
e—0  Ae(a,b) € Ae(a,b) 44X 1, PA)
We now finish with the following Lemma.

Lemma 6. Let f : (a,b) — R be a continuous function that satisfies

limsup sup fA+e)+f(A-€)-2f1)

5 <0.
e—0 Ae(a,b) €

Then, f is concave down on (a, b).
We postpone the proof of Lemma 6 to the Appendix. Based on the lemma, we conclude that
the function m is concave dc;wn As such, m is twice differentiable a.e.. In fact, based on (6.5),

we have that m” (1) < for almost all A. Thus, for all points of differentiability of w

A <p )2
(whichisa.e. in 1),
2
(6.7) w' ) =-2m") = _ % >0
B 2'()(/1» (,0/1>2

6.4. The weak non-degeneracy for ¢,. In this section, we establish that under the assumptions
in Theorem 4, we have that ¢, L Ker[%;]. In view of Theorem 3, this is something to worry
about only in case where the (strong) non-degeneracy does not hold, namely when Ker[ %] =
span{dy@,,...,0,9,, ¥o}. Indeed, we trivially have that ¢, L span{d,¢,,...,0,¢,}. Thus, we
only need to show that ¢, L Wy, (if such a function exists in the first place!).

To this end, starting with the elliptic problem (1.2), which ¢, satisfies, with w = w,. Let 1 €
(a, b) be a point of differentiability 15 for w(1). Let 6 > 0 be so small that A + 6 € (a, b). We will
write the equations for ¢, and ¢ respectively and eventually, we will take their difference. In
doing so, it is convenient to introduce the notation

Pr+s —PA _
1+ 0 5

and to prepare a few calculations. First, the key assumption (1.12) reads limgs_o 61| Zsll;2 = 0.
Since the functions ¢, ¢, +s are bounded, we have that for each r € (2,00),

(6.8) Pris =@ =1 +06Zs,

51 Zsl 1rm < Ol Zsllz0o) " (811 Zsll 2)7 — O,

as 6 — 0+. Next, for each power p > 0, we use the first order expansion

2p+1 2p+1 2
(Pﬁg <P1p +6Zs2p+ 1)(,01’7 + Es5 2;ps
where the error term satisfies
2p 1

(025 81Z5(0) = 4457

6Z5)?P* 81Zs(x)| 2 "’ﬁf) ’

It may appear that there are terms with exponential growth in the spatial variables, such as
) Ap ' when p< % (recall that p is generally small in our assumptions). This turns out not to be

the case. As we know while @, ~ e V01l | Z5| < e~ Min(V@2.v@1:0)13 - So, for example E y,, has
decay rate

6.9) |5 0,p(0)] < C{

|Es 1, p| < Ce™ 2min VoL V@L5)+2p=1) @il

15hich applies to a.e. point
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or about e~ @P+DV@Alxl gince § << 1and A is a point of continuity for w).
Plugging in the formula (6.8) in (1.2) and taking differences and dividing by 6, we obtain

A+6 —

w w _
(6.10) Lol Zs]+ X pr+625) -6 "Es, =0,

where Ej ) = Zlk(:l axEs pp. — ZIL:I biEs 3,q,-
We now take a decomposition of Zs across the spectrum of £, . Since Zj is radial, the only
non-trivial projection onto Ker[%£,] is potentially only over ¥, so we have

Zs =25, Yo)¥Yo +z5 =1 a(6)¥o + zs5,

where zs 1 Ker %,, so in particular z5 L ¥,. Note that since 5%a%(6) + 6%l zs 1% = 6211 Zs ||

it follows that limgs_ ¢, 0a(d) = 0 and lims_o, dllzsll = 0. In view of that and our earher argu-
ments, it follows that for each r € (2,00), lims_ ¢+ 6| z5llz- = 0 as well. In addition, the exponen-
tial bounds for Zs and ¥ carry over to zs5. We collect the estimates for a(), zs in the following

(6.11) Olzs(x)| < Ce™V min(w“‘””)'x';&lirgl Ollzsllr =0,2<r <oo; 611%1 6a(d) =0,
—0+ —0+

where C is independent on § > 0.
Since Z,[Zs] = £, [z5], we have from (6.10)

WA+5 — WA
)
Since D(£,) = H*(R"), £, ' Py,j+ : L* — H*(R"™) and we obtain the bound

(6.12) Zs = .,Sfij{q,o}i [— (ppr+6Zs) + 5_1135,/1]

lwars —wal
0

We now need appropriate estimate for & -1 IEsall2.

(6.13) lzsll g2 < C Uloal + 81 ZsI) +8~ 1 Es ol 2

Lemma?7.
5 Esall2 < oDzl g2 + CEa*(6).

Proof. In the regime 6| Zs| < the function 67! |E5 2l is estimated as follows

_10’

M 1 Es 1l 2512512, = Z|ak|||<.02pk '61a*()W5 +2a(6)Wozs + 23]l 2 +
=1

L
+ Y Ibillp* 1 81a*(6) W5 +2a(8) Pozs + z5) 12 < CHa*(5) sup W53 iz +
=1 re€pL,...pPK;q1,---qL
+ Célad)| sup IWozspy 'll2 +Co sup I3 ' 251 12
repi,...p;qi,---qL rep,...p;qi,.--qL

Clearly, since Wy, @) ~ e Voulxl 4 o(e=V@ilxl) we have that (pil‘I’o is a bounded function. Hence
||‘I’O(pi’ U2 < oo, ||‘I’0(pi"1 | ;oo < co. For the last term choose any 0 : 2 < 0 < 0o, so that there
is the Sobolev embedding H*(R") — L? (R"), i.e. 0 < 2. We have

2r—1 -1 -1
Sl 12202 < Nzl ol p?" 6Z5||LoISC||z(s||Hz||<p; 825l o1,

where 07 : % + 0_1 = 5. Thus,

1 1- 2r—1
92 6251111 < 1162510l o 92"~ 18 251 ||Loo<cn6z§|| 7o = 0(1).
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where 6 € (0,1) is designed so that the L* term is bounded. This is possible, since there is the
estimate

2r 1|5Z§| <Ce 2r-1)y/wylx| —9\/mln(w/1w/1+5 |x|

which can be made exponentlally decaying at oo (and hence bounded), provided 1 >0 > 1 —
2r and ¢ is sufficiently small. Combining it all together, in view of (6.11), we have shown the
. . _1
required estimate for 6| Es 3 ”L2(6|Zg|s"1’—g)'
The estimate for 67! | Es Al 1261 Z51> 24 is in fact simpler. More specifically, note that since
10
lims_.o+ 6a(d) = 0, we have that for all small enough 6 > 0, a(6)¥y << ¢,, whence 6|z5| =
1 3
=0|Zs| = 4.
2 10

For every r € {p1,... px; q1,-.-qL}, we estimate by Holder's witho:0<o—-2<<1land r;: % =
1,1
g (on]

125 (825)°" 2 < 1 25l 2o (51125 | 201 1)
We now select o so close to 2 (and consequently o; can be made as big as we wish), so that
2011 > 2. As a consequence, | z5llzo (61 zs IILZUlr)Z’ = oM zsl gz, according to (6.11).
U

Going back to (6.13), we see that for all small enough ¢, and taking into account that A is a
point of differentiability for w, (and hence lim;_q, 2241 = ') there is the bound

251l 2 < Calw' )|+ 0(1) | 25 | g2 + 5 a*(5)).

Since we can hide o(1)||zs || ;2 behind the left hand side, we arrive at the bound, in a schematic
form,

(6.14) lzsll g2 < C8a*(8) +0(1) = o(1)|a(d)| + 0(1),

in view of limg_.o+ 6 a(d) = 0. We now show that this by itself implies the weak non-degeneracy
of ¢,. Compute

6.15) 821 Zs 11> = (Pass — P, Pa+s — P2) =24 +8 = 2(Pass, P2) = 6 (1 — 2(Zs, p2)).
On the other hand,
811 251> = 6a* () + 68z 1%,
while
1-2(Zs,pp) =1-2a(6)(Wo,pr) —2{z5,p1).
It follows that
(6.16) 2a(8)(Wo,pa) = 1 —2(zs,p2) —8a*8) — 8l zs|*

From (6.14), [{zs, p2)| < Callzsll < Cr(0(®)]a(®)| + O(1)) and 8| 511 < 0(8)|a(8)| + O(6). Hence,
2a(6)(Wo,pp) =0(8)|a@d)|+ O0(1),

So, ifit happens that (Wy, @) # 0 (i.e. we assume weak degeneracy for a contradiction), we must
have a(6) = O(1). In that case, take a dot product of (6.10)with ¥, so that (%, z5, Vo) = 0. We
have

‘ w/1+(')‘ w) /1+5 w)

|10, 0001 < |=

Note that the right hand side is o(1), if a(5) = O(1). On the other hand, this is contradiction,
since

|61¢Z, Wo) -+ 67 K5 1, Wol.

. /1+6 -
lim | ———
0—0+

A 1(Wo, 0201 = I )11, 021 >0,
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according to (6.7). This leads us to the conclusion that (¥, ¢,) = 0, which is the weak non-
degeneracy of ¢,. Let us record, for future reference, the identity that follows from (6.15), in
view of the fact that (Wy,p,) =0,

(6.17) 2(zs5,2) = 1-8a°(6) - 8l z51I°.
6.5. On the differentiability of the map A — ¢, in the non-degenerate case. In this section,
we assume that the wave ¢ is non-degenerate, thatis Ker[Z,] = span{01¢,,...,0,¢,}. Under

these assumptions for the kernel, we can essentially run the same argument as in the previous
section, by assuming a(6) = 0 or equivalently Zs = z5. In particular, Lemma 7 applies to yield

(6.18) 8§ MEsalz < oW Zsll 2.
From (6.13), combined with (6.18), we obtain
I Zsll 2 < Clo' W) [ll@all + o) | Zs |l g2 + o(1).

All in all, it follows that limsupg_, | Zsll g2 < Clo’ (D) |ll@all < co. Using this information, we can
actually take limits as § — 0 in (6.10). Indeed, applying £; ! to it'®

Zs+0' (M) L oy +012(1) + 06| Zsll g2) = 0
Thus,
lim || Zs + o' MLl =0.

This means that the function ¢ : (a, b) — L2(R") is differentiable, at least at the points of differ-
entiability of w. In fact,

0101 =—-0' ML ).
Finally,

O llppll? =— <0,

(Lo, 1) = - ©Orpr, Y1) =—

1 1
w' (L) 20'(A) 2w' (1)

6.6. Differentiability of A — ¢, in the weakly non-degenerate case. We have already estab-
lished the weak non-degeneracy of ¢,, when w’(A) exists. For § > 0, we have the identity

5 Upris—@al? =81 Z511° = 5a*(6) + 8l z511%,

whence the assumption (1.13) implies that lims_o5a?(8) = 0 = lims_(d] z5]|%>. This simplifies
matters quite a bit - by combining (6.13) and the estimate in Lemma 7, we obtain

Iz51l g2 < Cle' ()] + 0(1) + CE(|a(®)| + || 2511 12) + CEa*(6) + 0D | z5]l 12

Thus, l|z5]l g2 = O(1). In particular by Lemma 7, 6 ‘1E5, 1 = 0(1). We now easily obtain, by taking
limitas 6 — 01in (6.12),
lim 125 + o' ML @l =0

In particular, the (L2(R™) valued) function A — @, is differentiable, and
012 = -0 WL 2l

Also,
lim(zs, 1) = o' (AL pal, 92)-

while by virtue of (6.16) (recall (W, ;) = 0), we have lims_.o(z5, ) = %

16this is justified since all the terms appearing in (6.10) are radial and hence orthogonal to Ker[%,] by the
non-degeneracy assumption
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6.7. Non-degeneracy of ¢,: Proof of Proposition 4. According to Theorem 3, we only need to
rule out the existence of a radial eigenfunction ¥y in Ker[#£,], which vanishes at exactly one
point, say r € (0,00).

Recall ¢ L Ker[%,]. A direct inspection establishes the well-known identity

n
(6.19) L) xj0jpl = —2A¢.
j=1

This shows that Ag L Ker[Z,] as well. In addition,
Lilpl = =2F (9*)9°,
while from the profile equation F(¢p?)¢ = —Ap+w¢ L Ker[£,]. Itfollows that F'(¢?) 3, F(¢*) ¢ L
Ker[Z,].
We will show that in the three examples, (1.14), (1.15) and (1.16), listed in Proposition 4, this

allows us to rule out ¥. Recall that Wy (r) > 0,7 € (0,1.), ¥o(r) <0, r € (r«,00). Assume (1.14).
Choose ¢y > 0, so that c; Zlk(:l ak(pip ¥(ry) = 1. Consider the function

h(r) := coF (@)@ — .

On one hand, k L Ker[%,], as linear combination of two functions in Ker[%,]*. On the other
hand, since ¢ is bell-shaped!” for r € (0, 7,),

K K
h(r) = @(r)(co Y. arp®Ps(r)—1) > @(r)(co Y arp®Px(r,)—1) =0.
k=1 k=1

For r € (r.,00), we have the opposite inequality, since

K K
h(r) =) (co Y arp? (1) =1) <@(r)(co ) arp®P(r) —1) =0.
k=1 k=1
Clearly, (h, o) = [y* h(NYo(r)r"‘dr + [°h(r)¥o(r)r"~'dr > 0, in contradiction with h L
Ker[%£,] and in particular h L ¥.
The proof in the cases of (1.15) and (1.16) follows the same logic, but it is slightly more in-
volved. The conditions F'(p?)¢3, F(¢?)¢ L Ker[%,] read

K
F@)p=Y arp?P 1 —bp*T*! | Ker[£:]
k=1

K
Fl@?9® =Y @pr+Darg?” ™ —b2q + 1?7 L Ker[£,]
k=1
Taking a linear combination (2qg + 1)F ((pz)(p - F ((pz)(p3, we eliminate the term (pzq +1 and we
obtain yet another element of Ker[%, ]+, namely 2115:1 2(q — pr)ar@?Petl. Clearly, in the cases

when g > px or g < p1, we have an element of Ker[.%,]* in the form
X 2pr+l
Z Elk(p/lpk ,ag >0,
k=1

which can be used to produce a contradiction with the existence of ¥, the same way as we did
under the assumption (1.14).

17and so strictly decreasing in (0,00))
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7. PROOF OF THEOREMS 5, 6, 7

We first check (1.9) for the case of a purely focusing nonlinearity (1.14).

7.1. Verifification of (1.9) for focussing non-linearities. Write as before

m(A) = inf I[u]=A inf ]ﬂvwz—a*/}ﬂMvum%dx =
lul>=2 lvl2=1
Pk
= A inf flelz—ZMflvlhzl’kdx = AM(A).
Ivl2=1 T P+l

Clearly, the function A — M(A) is decreasing. In addition M(A) = %’U <0, since m(A) < 0. So,
for 0 < A; < A5, we have

m(Ay) = AiM(Ay) > Ao M(A1) > Ao M(A2) = m(Ay).

Thus, (1.9) holds true.

We now turn our attention to the stability claims in Theorems 5, 6, 7 as the others were ex-
plained in details immediately after the statements. The spectral stability of the waves is a con-
sequence of the formulas (2;1(;),1, QL) = —m < 0, the fact that n(%£,) =1, n(¥£-) = 0 and the
index theory, introduced in Section 2.3, more specifically Proposition 6.

Orbital stability follows from the end of the same proposition, once we take into account the
non-degeneracy of the waves ¢,, the local invertibility of the map A — w, and the smoothness
of A — ¢,, stated in Theorem 4. Unfortunately, there is no abstract result providing orbital
stability for the Zakharov-Kuznetsov model, due to the failure of a key assumption in Theorem
5.2.11in [17], namely the invertibility of _# = 0, does not hold.

In the section below however, we provide a direct proof of this fact, by adapting slightly the
Benjamin’s method, [1]. Similar, albeit slightly more elaborated method can be applied to pro-
duce a direct proof of the orbital stability of the NLS equation, instead of referring to Theorem
5.2.11, [17], but we will not do so here.

7.2. Orbital stability for the Zakharov-Kuznetsovmodels. The local well-posedness theory for
the ZK, (1.3) follows by classical semigroup theory in the energy space H'(R"), under the as-
sumptions for L? sub-critical powers, as considered herein. This is then upgraded to global
well-posedness theory in H! (R"), thanks to the conservation laws

Jf[u]=f IVu(x)Iz—f G(Iu(x)lz)dx,e@(u):f lu(x)>dx.
R” R” R”

Thus, we are reduced to showing the following proposition.
Proposition 8. Let ¢ be a smooth wave, satisfying
(7.1) —Ap+wp—F@*)p=0

and the following assumptions:

e The operator £, = —A+w — F(¢®) — 2F'(¢?)¢? satisfies £ |, = 0.
e @ is non-degenerate, i.e. Ker[£.] = spanl01¢,...,0,¢].

Then, @ is orbitally stable in the sense of Definition 2.
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Remark: Clearly, the proposition above applies to the limit waves ¢ = f,,, described in Theo-
rems 5, 6, 7 as they were established to enjoy the desired properties described above. Note also
that the method that we present does not require the differentiability'® of w.

Proof. The proof proceeds by a contradiction argument. Assuming that orbital stability does
not hold, there is a €y > 0 and a sequence u; — ¢ in H', so that the corresponding solutions

(7.2) sup inf |u;(t,-) —@C—1)llg = €p.

0<t<oo"€ER"

For 0 < € << 1, consider a neighborhood % in the set of all real-valued functions, which are
closed to translations of ¢

Ue={ueH, R" : Inf [[u—¢(=Dllp <&l

By Lemma 3.2, [11], there exists €9(¢) > 0, so that for all 0 < € < €y(¢p), there is a unique C! map
B:%: — R, such that
(7.3) (u-+pW),0;p)=0,j=1,...,n.

Note that S(¢) = 0. Since we need € < min(ey (), €p), take the new €j to be the minimum of the
€0,€0(¢). Introduce the total energy functional &(u) = A (u) + w22 (u). In terms of A, 2 the
profile equation (7.1) reads

&'p] = A (p) + 0P () = 0.
Let
€1:=|E(u (1)) = &P+ 122 (u (1) — ()|,

which is conserved in time. Note that lim;e; =0, since lim; [[u; — @l ;n = 0.
By the continuity of the solution map and the map f3, we have that there exists t; > 0, so that
for £ € (0, 1), lu;(t,) — @l p < 5 and B(u (1)) is so close to f(¢p) = 0, that

I == Bl < 5.
Consequently,
N (2, + Bl (1) = @l = N (1,) = - = Bl 1 <
< Nt ) =@l + o=@t —Pauly <5+ =¢.
With that in mind, take

T/ =sup{tg: sup [u(r, -+ Bu)) =) lm <€l
0<71<719

The previous calculation shows T, = #; > 0. We aim at showing that for all sufficiently small e
and for all large enough [, T}" = oo, which will provide the sought contradiction with (7.2). We
henceforth work with ¢ € (0, 7). Denote

wi(t,) =u(t,-+ Bu))) —eC) =w e +n(t,-), n;Le.
We have that

Pu(n) = P)+2@, e +n0) + 1Y%, = P@) + 2l + w7,

18\vhich is on the other hand used already in the proof of the non-degeneracy of the waves
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It follows that 2yl ¢|1? = 2 (u;) — P () — |y, IIiZ, whence

1P (u)) = ()| + w112,
2|2

But &'(¢) = 0. So expansion in Taylor’s and various Sobolev embedding estimates yield the
formula

E(u (1) - &)

(7.4) ()] =

< Cler + Ilwill,).

E(u(t,-+ Pu(0) —E(@) =E(@+y) —E(p) =
1
= Sy + 0yl =

1 1
= ?iﬁmwm+Ew%i&%wrﬁmK£Mﬂm»+Owwm§l
By construction, ; L ¢. In addition, from (7.3), we have forall j =1,2,...n,

M1, 059y = uy(t, -+ Pu () — @ —pp,0jp) =0.

So, it turns out that n; L span{g, Ve}. But recall that we have assumed £, | ot 2 0. In addition,
by the non-degeneracy assumption, Ker[Z;] = span[Ve]. Thus,

$+| L2K>0.

spanip,Ve}
In particular,

(7.5) (L) zxInl3,

Plugging this information into the expression for & (u;) — & (@) = & (u; (1)) — E(p), we arrive at
(7.6) Sl = Cer+ Cllyill.

By the definition of n; and (7.4), we have however

(7.7) 1Nl g = v — el g = il g = i@l g = gl g — Cler + IIUIIII?LII)-

We now select € so small that Ce < min(ﬁlo, &), for any C that appears in the argument.

1
We claim that for all large enough n, [ly; (D)l <€/, for t € (0, T}). Suppose not - this will
1

then yield a subsequence, denoted the same, so that ||y ; (7)) g1 = 62_‘ forsomet;€ (0, T l*). Note
that by the definition of T}, we still have ||y;(t;)ll;1 < €. From (7.7), we have now, for large
enough 7,

1 1
(7.8) i)l g = E”WI(TI)”HI -Ce; = Z”WI(TI)”HI
since by the choice of ¢, we have ||y ()| ;1 — Cllwl(rl)llfq1 > %”Wl(TZ)HHl (since Ce < ﬁ). In
1
addition, 11y (t) g1 — Ce; = Sy (x)) I, sincee] >>e;. Using this in (7.6) yields

7.9 = 2 <Ce+C 3 <Cep+— 2
(7.9) §||WZ(TZ)||H1— e+ Cly (Tl = €l+a||Wl(Tl)||H1

It follows that .
571Vl < Cey,

1 1
which is a contradiction with ||y ()| ;n = 6; for large [. Thus, for large [, ||y (D)l g < e? for
te (0, Tl*). But this exactly means that for all large /, Tl* = 0o, whence we arrive at a contradiction
with (7.2).
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APPENDIX A. POHOZAEV

Proposition 9. Any weak solution f € H'(R") n L®(R") of (1.2) satisfy
(A.1) IV full? + ol full* — fR nF(f,ﬁ(x)) f2(x)dx =0,
A.2) =2Vl +onl f,l* - nfR G(f2(x)dx=0.

Proof. We first verify it for classical solutions. The relation (A.1) follows by taking dot product of
(1.2) with f,. For (A.2), take dot product with Z}’Zl x;j0;f. Since,

n n —2
(=Af, Y x0;fry=) 1) xjakfajkfdx_f 6jfajjijdx]=—n—llvf||2-
j=1 j=1 k#jJ/R" R? 2

=Y [ FUR e fx0; foda =5 f GUAdx, Y. [ xF00;f(dx==ZIfI
=1 =1

we conclude (A.2).

For weak solutions, take dot products with fy(x/N) and 27:1 x;j0; fx(Ix|/N) respectively,
where y is a Cj° function, supported in (-2,2), so that y(r) = 1:[r| < 1. After integration by
parts and taking limy_., we get again (A.1) and (A.2).

O

APPENDIX B. CONCAVITY LEMMA

We prove Lemma 6. Assume that f is not concave. Then, since it is continuous, it is not
“concave” with 6 = % That is, there is Ag € (a, b) and €y, > 0, so that 1g+€p € (a, b),

f(Ao+eo) + f(Ag—€0) = 2f (o) + bo.
We claim that at least one of the following three inequalities will hold true

5
f(Ao+eo)+f(Ao)—2f(;L0+%°)2 0

I’
€ 0
fo=e0)+ fho) =2f (o= )= ),
€o €0 60
A+—)+fAog——)=-2f(Ag) = —.
Ao 2) o 2) o) 2
Indeed, assuming all three are false, add the first two to twice the third one. We obtain
FAo+e€0) + f(Ag—€0) —2f (o) < by,

which is a contradiction. Thus, we have shown that inside (1¢ —€g, Ag + €p) there is an interval,
with half the length, on which f is not concave with 0 = % Continuing in this fashion, we
construct a sequence of nested intervals I; = [1; — %, Aj+ %], on which there is the inequality

€0 €o 60
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Since A; — A= ﬂ‘]’.‘;olj c (a, b), we obtain as a consequence
) f(/lj+%)+f(ﬂtj—;°) 2f(A;) 50
limsup

j ) 63
2]

This is however in contradiction with the assumption in Lemma 6.

APPENDIX C. THE ONE DIMENSIONAL CASE

In this section, we provide an alternative approach to the existence and stability of solitary
waves for NLS with general non-linearity, in one spatial dimension. Note that here, we do not
necessarily restrict ourselves to normalized waves, but we in fact consider all waves.

The existence and stability of these waves is a known result, but we wanted to present a ver-
sion here, with explicit assumptions, in order to be able to directly compare with the higher
dimensional case, considered herein.

Theorem 8. Let F: (0,00) — R bea C! function, so that the function H(z) := , where
G:G' = F,G(0) = 0 satisfies
e There exist zy = zo(w) : H(zp) = w, so that H(z) < w, for z € (0,z9(w)). In addition, z; is
non-degenerate zero of H(z) —w = 0, i.e. H'(zp(w)) # 0.
e |H(2)| < C|z|5f0r2€ (0, zo(w)) and some > 0.
Then, there exists a bell-shaped solution f,, with f,(0) = vzo(w). In addition, the function

zp(w)

w— J \/=dz > 0 is differentiable for all w > 0 and the wave f,, is orbitally stable*®

w—-H(z)
if and only if
zp(w) 1
o[ L _dzzo
“Jo Vo-H@

Proof. The profile equation is
—f"+of - F(f)f =0

This can be of course integrated once to

(C.1) ') = —\Jof2x) - G(f2(x), xeR

An easy analysis shows that a bell-shaped solution of (C.1) exists with f(0) = v/zo(w), f'(0) =0
Note that f,, must be strictly decreasing. It is easier to work with the new variable z(x) := f?(x).
In it, the equation (C.1) becomes

(C.2) Z'(x) = -2z(x)Vw—- H(z(x)), xeR

The non-degeneracy condition H'(zy(w)) ensures that a solution with z(0) = z(w) exists, since
we have from (C.2) that for every x >0,

1 fZO(‘“) dz
xX== _—,
2 z(x) ZVw—H(z)
so the last integral needs to be convergent close to zy(w). This is of course not the case, unless
H'(zy(w)) # 0, which we have assumed to be true.

190utside of the points, where this quantity is zero, which is known to be a delicate issue. However, in all cases
where this has been studied in detail, nonlinear instability has been established
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The linearized operators Z., as previously defined are now second order self-adjoint oper-
ators, with domain D(%:) = H?>(R). In addition, £ fl1=0and f >0, whence Z_ = 0, the
zero is a simple eigenvalue and Z_|;1 > 0. By direct differentiation of the profile equation,
Z:[f'1 =0. Since f’ has an unique zero, at zero, Sturm-Liouville theory applies to imply that
the zero is the second smallest (simple) eigenvalue, the smallest one being strictly negative. So,
n&.)=1.

The classical stability theory, say Grillakis-Shatah-Strauss applies to imply that the stability of
such waves is dictated by the sign of the quantity d,, | f,, | 7, namely the stability occurs exactly
when d, |l f, ||i2 > 0. Before we proceed with this, let us explicitly compute || f;, ||i2. We use the z
variable again. We have, by (C.2)

dx 2@ 1
» —2[ (x)dx = 2[ z—dz:f —daz.
1ol f 2w a4z 0 vow—H(z)

In the last formula, it is not even clear that this is differentiable in w, due to the (mild) singu-
larity at zp(w). It turns out, after some elementary calculations that this is not an issue and

zo(w)
w— J \/w—T(dZ is indeed differentiable in w. The precise stability condition is exactly

B [0 T de> 0.

For the particular case of a single power non- hnearlty F(z) = zP, we have H(z) = (p + 1)‘1z”

2o (w) _ p -1
and we obtain f; —\/mdz const.w? 2. The stability is then equivalent to 0, [w? z 1>0
or the familiar p < 2.
0
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